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A collection of examples in illustration of Analytical 
Geometry of Three Dimensions has long been required both 
by students and teachers, and the present work is published 
with the view of supplying the want. These examples have 
been principally obtained from University and College 
Examination Papers, but many of them are original. The 
results of the examples are given at the end of the book, 
togelhei' with hints for the solution of sonic of them. 



I. TODHUKTEK. 



St JbHJt'fl College, 
July 171ft, 1858. 
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EXAMPLES OF ANALYTICAL GEOMETRY OF 
TRtlKE DIMENSIONS. 



I. The straight line and plane. 

Let OA, OB, 00 be three edges of a rectangular paral- 
lelepiped which meet at a point 0; take for the origin 
and the directions of OA, OB, 00 for the axes of x, y, z re- 
spectively; complete the parcii loloprpod ; let D be the vertex 
opposite to A, M that opposite to B, F that, opposite to C, 
G that opposite to 0. Let OA = a, OB = b, 00 = c ; and 
use these data .in the following Examples from 1 to 11. 

1. Find the equation to the plane passing through 
D, E, F. 

2. Find the equation to the plane passing through 
G, A, B. 

3. Find the equation to the plane passing through 
G, 0, A- also the equation to the plane passing through 
G, 0, B. 

4. Find the equations to the straight line OG. 

5. Find the equations to the straight lines EB and AD. 

6. Find the length of the perpendicular from the origin 
on the plane in Example 1. 

7. Find the length of the perpendicular from C on the 
plane in Example 2. 

8. Find the angle between the planes in Example 3. 

9. Find the angle between the straight hue in Example 4, 
and the normal to the plane in Example 1. 

10. Find the angle between the straightlmes in Example 5. 
T. A. G. 1 
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2 THE STRAIGHT LINE AND PLANE. 

11. Find the equations to the straight line which passes 
through 0, and the centre of the face AEGF. 

12. Interpret the equation 

x 3 +f + z"= {x cos a + y cos /3 + z cos 7)°, 
where cos 1 a + cos' J /3 + cos 5 7 = 1. 

13. Find the angle between the straight line -=~ i^ = ~,a> 
" = y, 8 = 0. 

14. Find the equation to the plane which contains the 
straight line whoso equations are 

Ax + By + Cz = D, A'x + By-Y C'z = iy, 

and the point (a, /S, 7). 

15. Find the equation to the plane which passes through 
the origin and through the line of intersection of the planes 

Ax + £y+Cz = D, and A'n + Ky + G's - &; 

and determine the condition that it may bisect the angle 
between them. 

16. Find the equation to the plane which passes through 
the two parallel straight lines 

sc — a_y— b _z — C t x — a' _g — b' _z — c' 
I m n ' I m n 

17. The equation to one plane through the origin bisecting 
the angle between the straight lines through the origin, the 
direction cosines of which are L, m lt «■,, and l v m 2 , n 2 , and 
perpendicular to the plane containing them is 

(l L — ? s ) x + (m l — m a ) y + (n t — nj z — ; 

and the equation to the other plane is 

(q + * + K + mjy + {n L + njz = 0. 
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THE STRAIGHT LINE AND PLANE. 3 

18. Shew that the equation to a plane which passes 
through the point (a, /3, 7) and cuts off portions a, b from the 
axes of x and y respectively is 



19. Find the equation to the plane which contains a given 
straight line and is perpendicular to a given plane. 

20. Shew that if the straight lines 

? = #=£ JL=JL = ±. * = Z = E 
a fi 7 ' o s a b'*fi cV I m n' 

lie in one plane, then 

^(S"-c') + 5(c'-a-)+?(a'-l') = 0. 

21. Find the length of the perpendicular from the point 
(1, — 1, 2) on the straight line x =y = 2z. 

22. Find the equation to the plane which passes through 
the straight lines 

ss — a __y — b _s — 
I in n ' 



23. Find the equations to a straight line which passes 
through the point (a, b, e) and makes a given angle with 
the plane 

Ax + By -f Cz = 0. 

24 Find the equation to the plane perpendicular to a 
given plane, such that their lino of intersection shall lie in 
one of the co-ordinate planes, 

25. If the three adjacent edges of a cube be taken for the 
co-ordinate axes, find the co-ordinates of the points at which 

1—2 
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* THE STRAIGHT USE AND PLANE. 

a plane perpendicular to the diagonal through the origin and 
bisecting that diagonal will meet the edges. 

26. Determine the plane which contains a given straight 
line, and makes a given angle with a given plane. 

27. A straight line makes an angle of GO" with one axis, 
and an angle of 45° with another; what angle does it make 
with the third axis ? 

28. Interpret a? = 1/ = s*. 

29. Find the condition which must hold in order that the 
equations 

x = cy + hz, y = az + cx, z = bx + ay 

may represent a straight line ; and shew that the equations 
to the straight line then are 



v(i-a a ) v<i-5*) vo^o 

30. Through the origin and the line of intersection of 
the planes 

x cos a + y cos y3 + % cos 7 - p = 0, 

and x cos 0^ + 3/005/^ + 30037^^=0, 

a plane is drawn; perpendicular to this plane and through 
its line of intersection with the plane of (x, y) another plane 
is drawn: find its equation. 

31. Find the equation to the plane which passes through 
a given point and is perpendicular to the line of intersection 
of two given planes. 

32. From any point P are drawn PM, PN perpendicular 
to the planes of (s, x) and (z, y); if he the origin, a, 0, y, 
the angles which OP makes with the co-ordinate planes and 
the plane OMN, then will 

cosec 2 6 = cosec" a + cosec 5 $ + cosec* 7. 
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THE STRAIGHT LIKE AND PLANE. 5 

S3. Apply the aquation to a plane 

x cos a + y cos /3 + s cos 7 = S 

to demonstrate tin.: following; theorem ; n triangle is projected 
on each of three rectangular' planes : shew that the sum of 
the pyramids which have these projections for bases and a 
common vertex in tin; piano of the triangle is equal to the 
pyramid which has the triangle for base and the origin for 
vertex. 

34. Finrl the equations to the straight line joining the 
points (a, b, c) and (a', b', c); and shew that it will pass 
through the origin if act + bb' + en = pp, where p and p are 
the distances of the points respectively from the origin. 

35. Express the equations to the straight line 

a L x + b$ + c,s = a^x + \y + c s z = a a x + b s y + c s z 



I m n 

36. Shew that the equations 

x" + l = y" + l _ z" + l 

x+l~ y + I ~ e + 1 
represent four straight lines, and that the angle between any 
two of them = cos -1 (5 j . 

37. The equations to two planes are 

Ix + my + nz = p, I'x + m'y + riz = p', 
where 

F + m* + n* = 1, r + m" + ri* = 1 ; 

find the lengths of the perpendiculars from the origin on the 
two planes which pass through then- line of intersection and 
bisect the angles between them. 
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e THE STRAIGHT LINE AND PLANE. 

38. Find the equation to .1 plane parallel to two given 
straight lines; hence dutermine the shortest distance between 
two given straight lines. 

39. Find the equation to a plane which passes through 
two given points and is perpendicular to a given plane. 

40. There are n planes of which no two are parallel to 
each other, no three are parallel to the same straight line, and 
no four pass through the same point : shew that the number 

of lines -of intersection of the planes is 5 (n — 1), and that the 
number of points of intersection of those lines is 
»(b-1)(»-2) 
1.2.3 

41. Find the shortest distance between the point (3,^,7) 
and the plane 

Ax + By+C3=D. 

42. Find the equation to the plane which passes through 
the origin and makes equal angle* with three given straight 
lines which pass through the origin. 

43. Determine- the co-ordinates of the point which divides 
in a given ratio the distance between two points. 

Hence shew that the equation 

Aai + By+Oz = D 
must represent a plane, according to Euclid's definition of a 

P w. 

44. Three planes meet at a point, and through the line of 
intersection of each pair a plane is dtawu perpendicular to 
the third : shew that in general the planes thus drawn pass 

through the same straight line. 

45. The equations to a straight line are 

a — cg + bz_fi—az + cx_y — bx+ay 

^r~ ~ — h — - c ; 

them in the ordinary symmetrical form. 
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THE STRAIGHT LINE AND PLANE. 7 

46. Find the condition which must subsist in order that 
the equations 

a + mz-ny = 0, b + iix— lz = 0, c + ty—mx = 

may represent a straight line ; and supposing this condition 
to be satisfied put the equations in the ordinary symmetrical 
form. 

47. ' Supposing the equations in the preceding Example to 
represent a straight lint;, find in a s\ lnuietrioal form the 
equations to the straight line from the origin perpendicular 
to the given straight line ; also determine the co-ordinates of 
the point of intersection. 

48. The locus of the middle points of all straight lines 
parallel to a fixed plane and terminated by two fixed straight 
lines which do not intersect is a straight line. 

49. The equation to a plane is fos + my + nz = ; find 

the equations to a straight line lying in this plane and bisect- 
ing the angle formed by the intersections of the given plane 
with the co-ordinate planes of [z, x) and (z, y). 

50. A straight line, whose equations are given, intersects 
the co-ordiuate planes at three points : find the angles in- 
cluded between the straight lines which join these points 
with the origin ; and if these angles (a, /3, 7) be given, shew 
that the equation to the surface traced out by the straight 
line in all positions is 

x V(tan ct)+y ^(tan £) + e V(tan 7) = 0. 
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SURFACES OF THE SECOND OKDEE. 



II. Surfaces of the second order. 

51. If the normal n at any point of an ellipsoid termi- 
nated in the plane of (x, y) make angles a, j3, 7 with tlio 
semiaxes a, h, c, andp be the perpendicular from the centre 
on the tangent plane, then 

n.p = c", and p* = a 2 cos 2 a + 5 a cos 3 + c 2 cos 3 7. 

52. Find a point on an ellipsoid such that the tangent 
plane cuts off equal intercepts from the axes. Also find a 
point such that the intercopts are proportional to the axes. 

53. If a, b, C be the semiaxes of an ellipsoid taken in 
order, and e, e' the excentricitiea of the principal sections 
containing the mean axis, shew that the perpendiculars from 
the centre on the tangent planes at ever? point of the section 
of the surface made by the plane abe'z = c 2 ex are equal. 

54 From a given point 0. a straight line OP is drawn 
meeting a given plane at Q, and the rectangle OP. OQ is 
invariable: hod the locus of P. 

55. Sections of an ellipsoid are made by pianos which all 
contain the least axis : find the locus of the foci of the 
sections. 

56. Find the locus of a point which is equidistant from 
every point of the circle determined by the equations 

a? ■+ if + s° = <t s , Ja: + my + nz =p. 

57. Shew that the section of the surface z 2 — xi/by the 
plane s = a; + y + ci$ a circle. 

58. Interpret the equation 

a? + $* + £* = {lx + mi/ + nz)\ 

59. A, B, C are three fixed points, and Pa point in space 
such that PA* + PI? = PC 1 : find the locus of P, and explain 
the result when ABC is a right or obtuse angle. 
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SURFACES OF THE SECOND ORDER; 9 

60. Shew that the equation -5 +C +.-$ — 1, where a,b, a 
are in order of .magnitude, may he written thus, 

where h and m are certain constants. Hence shew that two 
circular sections of an ellipsoid can be obtained by cutting it 

by pianos passing 1 through its mean axis. 

61. A sphere (G) and a plane are given: shew that if 
any sphere (0") be described touching the plane at a given 
point and cutting C, the plane of section always contains a 
given straight line. Shew also that if the point of contact be 
not given, and if the plane of section always contain a given 
point, the centre of the sphere C will always be upon a given 
paraboloid. 

62. If A, B, G be extremities of the axes of an ellipsoid, 
and AC, BG be the principal sections containing the least 
axis, find the equations to the two conos whose vertices are 
A, B, and bases BG, AG respectively ; shew that the cones 
have a common tangent plane, and a. common parabolic sec- 
tion, the plane of the parabola and the tangent plane inter- 
secting the ellipsoid in ellipses, the area of one of which is 
double that of the other; and if I lie the latus rectum of the 
parabola, l x , ( a of the sections AG, BG, shew that 

e i? + 1 3 3 ' 

63. Tangent pianos are drawn to an ellipsoid from a given 
external point : find the equation to the cone which has its 
vertex at the origin and passes through all the points of con- 
tact of the tangent planes with the ellipsoid. 

64. If tangent planes ho drawn to an ellipsoid from any 
point in a plane parallel to that of (x, y), the curve which 
contains all the points of contact will lie in a plane which 
always cuts the axis of z at the same point. 

65. Shew that the tangent plane to an ellipsoid is ex- 
1 by the equation 

lx + my +nz = ^(Pa* + m%* + tfc*). 
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10 SURFACES OF THE SECOND ORDER. 

66. Form the equation to the plane which passes through 
a given point of an ellipsoid, through the normal at that point, 
and through the centre of the ellipsoid. 

67- A straiglir, line passing thruiigh a given point moves 
so that the projection of any portion of it on a given straight 
line hears a constant ratio to the length of that portion: find 
the equation to the surface which it traces out. 

68. Find the length of the perpendicular from a given 
point on a given straight line in space. 

Investigate the equation to a right cone, having the axis, 
vertex, and vertical angle given : and determine the condition 
under which the section made by a plane parallel to one of 
the co-ordinate planes will be an ellipse. 

69. Determine the radii of the spheres which touch the 
co-ordinate planes and the plane x + y + z = h. 

70. An ellipsoid is intersected in the same curve by a 
variable sphere, and a variable cylinder; the cylinder is 
always parallel to the least axis of the ellipsoid, and the 
centre of the spheres is always at the focus of a principal 
section containing this axis. Shew that the axis of the 
cylinder is invariable in position, and that the area of its 
transverse section varies ilk the surface of the sphere. 

71. Three edges of a tetrahedron, in length a, b, and c, 
are mutually' at, right angles : shew that if these three edges 
bo taken as axes, the equation to the cone which has the 
origin for vertex, and for its base the circle circumscribed 
about the opposite face, is 

and that the plane ax + by + cs = is parallel to the sub- 
contrary sections of the cone. 

Find the corresponding equations when either of the other 
angular points of the tetrahedron is taken as vertex. 
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SURFACES OF THE SECOND ORDER. 11 

72. Tangent planes to the surface whose equation is 

a b c 

pass through a point P : shew that a sphere can he described 
through the curve of contact provided J? be on a certain 

straight line passing through the origin. 

73. A sphere touches each of two straight lines which are 
inclined to each other at a right angle but. do not meet : shew 
that the locus of its centre is an hyperbolic paraboloid. 

74. Shew that by properly choosing the rectangular axes 
any two straight lines may be represented by the equations 



Determine the locus of a point which moves so as always 
to be equally distant from two given straight lines, 

75. A tangent plane to an ellipsoid includes between itself 
and the co-ordinate planes a constant volume : find the locus 
of the points of contact. 

76. A tangent plane to an ellipsoid passes through a 
fixed point in one of the axes produced : find the point of 
contact when the volume between this plane and the co- 
ordinate planes is a minimum. 

77. Prove that the locus of a point whose distance from 
a fixed point is always in a given ratio to its distance from 
a fixed straight line is a surface of revolution of the second 
degree. 

78. Two systems of rectangular axes have the same 
origin': if a plane, or an ellipsoid whose centre is the origin, 
cut them at distances a, i, c, or a, b', c, respectively, then 

111111 

a c a o c 
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12 .SURFACES OF THE SECOND ORDER. 

79. If a moveable straight lint' make with any number of 
fixed straight lines the angles #,, # 2 , a , ... so that 

re, cos 6 i + re 2 cos # 2 + a s cos d a + . . . = a constant, 
the straight lines all passing through a fixed point, and 
a l ,a 2 ,a al ... being constants; shew that the moveable straight 
line will always lie on the surface of a right cone. 

80. Two prolate spheroids have a common focus. If 
their surfaces meet, the points of intersection will lie in 
a plane which passes through the line common to the di- 
rectrix planes. 

81. A cone passes through the principal section (b, c) of 
an ellipsoid: shew that the other section is a curve in a plane 
perpendicular to that of (b, e) if the vertex of the cone be any 
point of the surface 

c b a 

82. An ellipsoid is cut by a plane parallel to one of its 
principal planes : shew that all normals to the ellipsoid at 
points in the curve of section pass through two straight lines 
situated in the other principal planes. 

83. An ellipsoid is constantly touched at two points by a 
sphere of given radius whoso centre moves in one of its prin- 
cipal planes : find the locus of the centre of the sphere, and 
shew that it will describe a portion of an equilateral hyperbola, 
if the plane in which it moves be that which contains the 
greatest and the least axes, and if the foci of the other prin- 
cipal sections be equidistant from the centre of the ellipsoid. 

84. An elliptic cylinder is cut by a plane passing through 
the straight line which touches the base at the extremity of 
its axis minor ; shew that, if the sine of the inclination of the 
cutting plane to the base do not exceed the excentricity of the 
base, the locus of the foci of the section will be a circle. 

85. Find the curves of intersection of the surface 

xy + ys + zx = a" 
with planes parallel to x + y + z = 0. 
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SURFACES OF THE SECOND ORDER. 13 

86. If a sphere; be placed in a paraboloid of revolution, 
shew that the section of the paraboloid made by any plane 
drawn touching the sphere is a conic section having the point 
of contact for a focus. 

87. Shew that any piano parallel to the plane of (x, z) 
or (j/, z) will meet the surface whose equation is xy—az in 
a straight line ; if a plane be made to pass through that 
straight line and touch the surface will the plane touch the 
surface at every point of the straight line? 

88. Through any point of the curve of intersection of the 
surfaces 

-i + £ — i = 1, Q? + y* + z 1 = a a + 6" - <?, 
a o c 

two straight lines can be drawn on the former surface at right 

angles to one another. 

89. Prove that the plane z = mx + ny will cut the surface 

in two straight lines which are at right angles to one an- 
other if 

P + T+W » 1 ) + «■ I i =°- 

o a' yo 1 c J \a c / 

90. Shew that an infinite number of straight lines may 
be drawn lying on the surface whose equation is 

o?_f__4z 

a* b 1 C ' 
If two such straight lines be drawn through a point in the 
plane of (x, z) whose co-ordinates are (a:', z) the angle be- 
tween them is 

C0S ~a* + b'' + cz" 

91. Prove that the points on the surface ' »— ,, =— the 

r a b c 

straight lines through which coincident with the surface are 
at right angles to each other, lie in a plane parallel to the 

plane of (a, y) and at a distance from it equal to — — . 
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92. Determine the condition necessary in order that the 
plane las 4- my + nz = may cut the cone ayz 4- bzx 4- cxy = 
in two straight lines at right angles to each other; and shew 
that in that case the straight line through the origin perpen- 
dicular to the piano will also lie on the cone. 

93. Find the relations between the coefficients of the 
equation 

ax 2 + by* + cz" + 2a'yz + 2b' xz + 2c'yx + 2a" x + 2b"y + 2c"s =/, 

that it may represent a surface of revolution. 

If he r -a = d, C ~ r ^b = 0, ^-c = 0, 

a ' b c 

what is the nature of the surface ? 

94. Determine the conditions that the equation 

ax* + by* + cz* + 2a yz + 2b'zx 4- 2c'xy = 

may represent a right circular cone ; obtaining them in the 
form 

a'b' a* — b' 3 - c'a! c* — d* - 



95. Find the relations between the coefficients of the 
equation 

ax* + by* + cz" 1 4- 2b'xz + 2c yx 4- 2d'x 4- 2b" y 4- 2c"« =/ 

that it may represent a surface of revolution. 

96. Find the locus of the vertices of all right cones which 
have the same given ellipse as base. 

97. Find the axes of the section of the ellipsoid 

or (r c 
made. by the plane Ix + my + nz — 0. 
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SURFACES OF THE SECOND ORDER. 15 

98. The semiaxes of an ellipsoid are a, b, c ; if planes are 
drawn through the centre to cut it in sections which have the 

constant area —a-, shew that the normals to these planes 

will all lie upon the cone 

*>'-/")+!/* W -f) + *'(°' -f)=0. 

99. On every cental.! radius vet- tor of the. ellipsoid 

a b c 
whose centre is C, is taken a point P such that -irkCP is the 
area of the section of the ellipsoid made by the plane. through 
C perpendicular to CP, where k is a straight line of constant 
length: shew that the equation to the locus of P is 



100. The sum of the squares of the reciprocals of the 

areas of the sections of an ellipsoid made by any three diame- 
tral planes at right angles to each other is constant. 

101. An ellipsoid and hyperboloid are concentric and their 
principal sections are confocal : if a tangent plane be drawn 
to the asymptotic cone of the hyperboloid, the section of the 

ellipsoid will be of constant area. 

102. A sphere and an ellipsoid which intersect are de- 
scribed about .the same point as centre : shew that the 
product of the areas of the greatest and least sections of the 
ellipsoid, made by pianos passing through the centre and 
any point of the lino of intersection of the two surfaces, will 
be constant. 

103. Find the area of the section of the ellipsoid 

a ir a 
made by the plane Ix + rny -f nz = S. 
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16 SURFACES OF THE SECOND ORDER. 

104. Show that the sections of a surface of the second 
order made by parallel planes are similar curves. Having 
given the area of the section of an ellipsoid made by the 
plane lx + my + ns = 0, find the area of the section made by 
the plane lx + my + nz = h. 

105. If £be the area of a section of an ellipsoid made by 
a plane at the distance h from the centre, S' that of the 
parallel section through the centre, and p the perpendicular 
from the centre on the parallel tangent plane, shew that 



,S'-,s" 



"H> 



106. Tangent planes are drawn to an ellipsoid from a given 
point: shew that an ellipsoid similar to the given ellipsoid 
and similarly situated can be made to pass through the given 
point, the points of contact, and the centre of the given 
ellipsoid. 

107. Normals are drawn to the ellipsoid 

a b c 

at the points where it is intersected by the plane z = h. 
Shew that the locus of the intersection of these normals with 
the plane of (x, y) is the ellipse 

108. All the normals to the ellipsoid in Example 107 
meet the plane of (is, y) within an ellipse whose equation is 

a s a? b'y* _ . 

Determine what is represented by the following equationSj 
from 109 to 116 inclusive. 

100. 5tf - 2j? - s 5 + ixy - fys + Sox - 1 - 0. 
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SURFACES OF THE SECOND ORDER. 17 

110. 2y* - ox* + 2s 1 + 10xy + %s + 4y + lQz + 18-0. 

111. 4f - $x* + Zxy + 36# - Sy - is - 32 = 0. 

112. if - ixy + ix* - Gx 4- 3s = 0. 

113. a;* — y™ + j3 a ~ 4#y + Gxz — 2ys—f. 

114. («z/ — 6ce) a + (ca - az) s + (&* - cy) a =/ 

115. ay + xz + yz — %d + 6y — 8s =/ 

116. xy + yz + wz = a 2 . 

117. Find the centre of the surface 

(ay + fa- cy) 1 = aft (xy - £). 

118. Find the centre of the surface 

a? + f + a 5 + 4xy - 2xz - iyz + 2a + 4y - 2s = 0. 

119. Find the centre of the surface 

x s + 2y 2 + Sz i +2(xy + yz + xs)+x + y + z = 1. 

120. Shew that the equation yz + z% + #y = a" may he 
reduced to 

2x a -y*-z' = 2<£ 
by transforming the axes. 

121. Shew that the equation 

x* 4- y 1 + s 2 + xy + yz + zm = a 2 

represents art oblate spheroid whose {lolfiv axis is to its equa- 
torial in the ratio of 1 to 2, and the equations to whose axis 
are x=y = z. 

122. Determine what is represented by the equation 

a?+!/ , + z* + k(xy + yz + za;)=f. 

123. If two concentric surfaces of the second order have 
the same foci for their principal sections they will cut one 
another everywhere at right angles. 



,Google 



18 SURFACES OF THE SECOND ORDER. 

124. Find the locus of the intersection of three planes at 
right angles to each other, each of which touches one of the 
following three ellipsoids, 



d' + k'^b' + k'^ c' + Ie' 

125. Determine the position of the circular sections of an 
hyperholoid of two .sheets, and shew. that the same plane will 
cut the asymptotic cone in a circle. 

126. If x v y ,, «j,; x v y v s 2 ; x t , y„ z s he the co-ordinates 
of the extremities of a set of conjugate diameters of an 
ellipsoid, shew that 

x* + ff E a + x* = a 3 , y* + y* + y* = V, z' + z* + z' = c*, 

127. If spheres be described on three semi -conjugate 
diameters of an ellipsoid as diameters, the locus of their inter- 
section is the surface determined by 

»V + &y + cV = 3 (a? + y + z 2 ) a . 

128. A plane is drawn through the extremities of three 
semi-conjugate diameters of an ellipsoid: find the locus of the 
intersection of this plane with the porpondicuhir on it from 
the centre. 

129. Tangent, planes at the extremities of throe conjugate 
diameters of an ellipsoid intersect in the ellipsoid whose 
equation is 



130. A prolate spheroid is cut by any plane through one 

of its foci : shew that the focus is a focus of the section. 
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131. Shew that tiic locus of the diameters of the ellipsoid 

a b c 

which are parallel to the chords bisected by tangent planes to 
the cone 



" + t_- = .q j 



b* 



132. If throe straight lines at right angles to each other 
touch the ellipsoid 

a o* tr 

and intersect each other at the point {m , y , z") shew that 
„" (J« + c =) + y« (c 1 + a?) + s' a (tt ! + Jr) = 6V + cV + a 2 & ,J . 

133. Find the greatest angle between the normal at any 
point of an ellipsoid, and the central radius vector at that 
point. 

134. If four similar and similarly situated surfaces of the 
second order intersect each other, the planes of their inter- 
sections two and two all pass through one point. 

135. If three chords be drawn mutually at right angles 
through a fixed point within a surface of the second order 



where R and r arc the two portions into which any one of the 
chords drawn through the fixed point is divided by that 
point. 

Shew also that the same will be true if instead of the fixed 
point there be substituted any point on the surface whose 
equation is u = c. 

136. Let -j = — = - be the equations to a straight line : 

find the equation to a surface every point of which is at the 
same distance from this straight line as from the point 
(a, ft, 7) ; and shew that the plane fa + my -f nz = B cuts the 
surface in a straight line. 

2—2 
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137. A and B are two similar and concentric ellipsoids, 
the homologous axes being in th<; same straight line; C is 
a third ellipsoid similar to either of the former, its centre 
being on the surface of B, and axes parallel to those of A 
or B: shew that the plane of intersection of A and is 
parallel to the tangent plane to B at the centre of C. 

138. If a parallelepiped bo inscribed in an ellipsoid its 
edges will be parallel to a system of conjugate diameters. 

139. The edges of a parallelepiped are 2«, 26, 2c: show 
that an ellipsoid concentric with it and whose semidiameters 
parallel to the edges are a.^'i, l\ r i-, c*,/'2, intersects the faces 
in ellipses which touch each other a.nd the edges. 

140. Two simitar and similarly siu.ui.1ed ellipsoids are cut 
by a series of ellipsoids similar and similarly situated to the 
two given ones, so that the planes of intersection of any one 
of the series "wifh each of the given ellipsoids make a right 
angle with one another. Shew that the centres of the series 
of ellipsoids lie on another ellipsoid. 

141. If pyramids be formed between three conjugate dia- 
metral planes of an ellipsoid and a tangent, plane, so that the 
products of the intercepted portions of the three .conjugate 
diameters may Ik; the least possible, the volumes of all these 

' 's will be equal. 



142. If from any point in an ellipsoid three straight lines 
are drawn mutually at light angles, shew that the plane 
which passes through their intersections with the surface 
passes through a point which is fixed so long as the original 
point is fixed. And shew that if the position of the original 
point on the surface is changed the locus of the point is an 
ellipsoid whose semiaxes are 
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143. If two right circular cooes whose axes are parallel 
intersect, the projection of their curve of intersection on the 
plane passing through the axes is a parabola. 

144. An ellipsoid is cut by a plane the distance of which 
from the centre boars a constant, ratio to its distance from the 
parallel tangent plane : shew that the volume of the cone 
whose base is the section and vertex the centre of the ellipsoid 
is invariable. 

145. Shew tlii.it by properly choosing oblique axes the 
equation to an ellipsoid may be put in the form 

a? + \f + £ ' = a' 2 ; 

shew that an infinite number of systems of suitable axes can 
be found. 

146. Determine whether the equation to an hyperboloid 

of one sheet can always bo put hi the form 



by properly choosing oblique axes. 

147. A straight line revolving round an axis which it 
does not meet generates an hyperboloid. 

148. Shew that the equations to the principal axes of the 
surface 

ax 2 + by* + cz* + lays + 2b'xs + 2c'tey = 1 



x{a'(jj. + a) -b'c'} = y{b'(ji + b) - c'a] = e{c'(ft + c) -a'b'}; 

/i, being determined by the. equation 

-c'*(/j. + c) + 2a'b'c' = 0. 

149. In an ellipsoid the sum of the lengths of three con- 
jugate diameters is greatest when the diameters are equal. 
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150. A surface of the second order circumscribes a tetra- 
hedron and each face is parallel to the tangent plane at the 
opposite angular point: shew that the equation to the sur- 
face, taking as oblique axes the three edges of the tetrahedron 
which meet at one of its angular points, is 

a? — (i.i- i/ 5 — bits* — cz 1 . 

151. Shew that the centre of the surface in the preceding 
Example coincides with the centre of gravity of the tetra- 
hedron. 

152. If two hypei'boloids of one sheet have their corre- 
sponding axes equal and parallel, show that they intersect in 
a plane curve, the plane of which is parallel to the diametral 
planes conjugate to the straight lino joining their centres; 

and find where it cuts this straight line. 

153. Shew that any plane which contains two parallel 
generating lines of an hyperboloid of one sheet, passes through 
the centre of the surface. 

154. The points on an ellipsoid, the normals at which 
intersect the normal at a fixed point, lie on a cone of the 
second order whoso vertex is the fixed point. 

155. Normals are drawn to an hyperboloid of one sheet 
at points lying along a- generating line: shew that these 
normals are all parallel to a fixed plane. 

156. If one of the co-ordinates of an ellipsoid be produced 
so that the part produced equals the sunt of the other two, its 
extremity will trace out a concentric ellipsoid whose volume 
is equal to that, of the original ellipsoid. 

157. Investigate the conditions necessary in order that 
the equation 

ax* + hf + as 2 + 2a y 3 + Ib'zx + 2oVy — 

may represent two planes. 
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158. The equation to a surface of bhe second order is 
ax" + by* + C£ B + 2d yz -j- 2b' zx + 2c. xy 

4 2a"x + 2b"y + 2c"s +/= 0; 
shew that the diametral planes will bo parallel to a given 
straight line if 

aa™ + bb 1 * + cc' a - abc - 2a'b'c = 0, 
and to a given plane if 

a" ~bc = 0, b" - oc = 0, c' 5 - ab = 0. 

159. Tind the straight lino in which the two surfaces in- 
tersect whose equations are 

«" cos 20 1 + f cos 2B % + a 2 cos 2# a + 2xy cos (0 1 + a ) 

+ Izx cos (0 1 + 0.) + 2zy cos (8 2 + 3 ) = 0, 

a? sin 20, + y* sin 20 2 + a 2 sin 20 3 + 2xy sin (0 1 + 2 ) 

+ 2zx sin (0, + 0j + 2zy sin (0 S -r 0^ = 0. 

160. Shew that the cones determined by 

x (yb + zc- tva) _ y(zc +xa- yb) 
A """ "" B 



and 



y (zc + xa — by) _ z (xa + yh- 



intersect in the straight line determined by 



A{Bb + Cc-Aa) B{Cc + Aa-Bb) C'{Aa + Bb-Cc)' 
and find the other straight linos in which they intersect, 

161. Find the eccentricity of any section of a paraboloid 
of revolution in terms of the angle of inclination of the cut- 
ting plane to the axis. 

162. If through any fixed point chords hi; drawn to an 
ellipsoid, the intersection of pairs of tangent pianos at their 
extremities all lie in one plane. 
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163. Let S be a fixed point, and EF, LM two fixed 
straight lines; take a point P such that if PQ be drawn 
perpendicular to EF to meet LM at Q, then PQ may bear 
an invariable ratio to SP; shew that the locus of P will ho 
a surface of the second order. Shew also that when 8P, PQ 
are unequal, a section of the surface by a plane perpendicular 
to .fff is a circle, and that when SP, PQ are equal the sur- 
face has in general no centre. 

+ -j = 1, by varying c, repre- 
sents a series of spheroidal surfaces. If normals he drawn to 
the spheroids from a fixed point in the axis of z, their inter- 
sections with the surfaces will lie on the surface of a given 
sphere. 

165. An ellipsoid and hyperboloid of two sheets have the 
same principal diameters, bot.li in magnitude and position. 
Let any tangent piano be drawn to the ellipsoid at a point P; 
this will intersoer. in general the hyperboloid in a plane curve, 
through which if there be drawn any three tangent planes to 
the latter surface they will meet at a point P' which lies on 
the ellipsoid. Also if P' he the point of contact of a second 
tangent plane to the ellipsoid, P will be the intersection of a 
second set of tangent planes to the hyperboloid, drawn as 
before. 

166. The surface of an ellipsoid is represented by the 
equations 

x = a cos a, y = b cos /?, z = e cos 7 ; 
shew that the three straight lines whose di.reot.ion angles are 
(2, 0, 7, &c.) corresponding to any system of conjugate dia- 
meters are perpendicular to each other. 

If GP V CP V GP 3 be drawn, perpendicular to three con- 
jugate tangent planes 

1 _1_ J_ _ 1_ 11 

GPf + OP* + OP* ~ a a + b 1 + c" ; 

and if they cut the ellipsoid at points Q„ Q. it Q 3 , respectively, 

or;ar' cj'.;cq' (;r;cq; a-^y^V 
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167. A plane is drawn according to a certain assigned 
law cutting an ellipsoid ; find the locus of the vertex of the 
cone, which touches the ellipsoid in the curve of intersec- 
tion. 

If a, b, C be the seminxes of the ellipsoid, -'■ + ■£ + - = ] 
the equation to the cutting plane, a, /?, 7, being con- 
nected by the relation — 4- -« + -s = constant, the locus is 
J a - p rf 

a sphere. 

168. Shew that the tangent lines to an ellipsoid from an 
external point touch it in a plane curve, and find the equa- 
tions to the curve. 

If the external point lies on a fixed plane, shew that the 
plane of contact passes through a fixed point ; determine its 
co-ordinates. 

If the external point lies on a fixed straight line, shew 
that the plane of contact contains a fixed straight line; deter- 
mine its equation. 

169. If straight lines be drawn from any point of the surface 

\|J + J-1 = 0; 

shew that the planes in which the curves of contact lie all 
touch the sphere x* + y x + z 1 = lc', 

170. Shew that the right circular cylinders described 
about the ellipsoid 

- + f-. + -s=l J 
a b c 

Zb being the mean axis, are represented by the equation 

(6- -<?)a?- (c 8 -« s ) f + (?-#)* 

171. Three cylinders circumscribe a given ellipsoid; the 
axes of the cylinders are mutually at right angles; shew thai 
the sum of the squares of the areas of sections of the cylinders 
by planes respectively perpendicular to their axes is constant, 
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172. If straight lines be drawn from the centre of an 
ellipsoid (whom; semi-axes are a, b, c) parallel to the gene- 
rating lines of an enveloping cone, the conical surface so 
formed will intersect the ellipsoid in two planes parallel to 
the plane of contact. The locus of the vertex of the envelop- 
ing cone which causes one of the planes to coincide with the 
plane of contact is 

a b' c 

173. Of all cones which envelope an ellipsoid, have their 
bases in the tangent plane at a given point i', and are of the 
same altitude, that is the least which has its vertex in the 
diameter through P; and of all which have their vertices in 
this diameter, that is the least whose axis is twice that 
diameter. 

174- If a globe be placed upon a table the breadth of the 
elliptic shadow cast by a candle (considered as a luminous 
point) will be independent of the |.iosition. of the globe. 

175. In the preceding Example, if an ellipsoid having its 
least axis vertical be substituted for the globe, determine the 
condition of the shadow of the globe being circular. It may 
bo shewn that the locus of the luminous point must be an 
hyperbola, and that the radius of the circuLir shadow is inde- 
pendent of the moan axis of the ellipsoid. 

176. Of a series of cones enveloping an ellipsoid, the 
vortices lie on a concentric ellipsoid, similar to the given one 
and similarly situated. Shew that any two cones of the 
series intersect one another in two planes. 

177. Shew that if, in the preceding Example, the vertices 
are supposed to ho also on a third ellipsoid concentric with 
the other two and similarly situated, and whose axes are 
respectively as the squares of theirs, these two planes are at 
right angles to one another. 

178. A cylinder is circumscribed about an ellipsoid, and at 
the extremities of the diameter parallel to the generating 
lines of the cylinder tangent planes are drawn: shew that the 
volume of all cylinders so shut in is constant. 
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179. Tlic locus of the vertex of a cone which envelopes a 
given ellipsoid (A) is a straight, line- pacing through the 
centre of (A) ; an ellipsoid similar to A and similarly placed 
has the vertex of the cone for centre and cuts the cone in a 
curve (B). If the major axis of this ellipsoid vary as the 
distance of its centre from that of A, shew that the locus of B 
is an elliptic cylinder. 

180. Suppose a cylinder to envelope an ellipsoid, and sup- 
pose a tangent plane to be drawn to the ellipsoid at one 
extremity of the din motor which is parallel to the axis of the 
cylinder. Let a straight line be drawn from the centre of the 
ellipsoid to meet the ellipsoid, the above tangent plane, and 
the enveloping cylinder; and suppose r, s, t to denote the 
respective distances of the points of intersection from the 
centre of the ellipsoid. Shew that 

1=1+1 



i a cono to envelope an ellipsoid ; let R' be 
the distance of the vertex from the. centre of the ellipsoid, 1R 
the length of the diameter of the ellipsoid which is in the 
direction of the straight line joining the centre of the ellipsoid 
with the vertex of the cone ; and suppose a tangent plane to 
be drawn to the ellipsoid at one extremity of this diameter, 
Let a straight line be drawn from the centre of the ellipsoid 
to meet the ellipsoid, the above tangent piano, and the 
enveloping cone; and suppose r, s, t to denote the respective 
distances of the points of intersection .(rem the centre of the 
ellipsoid. Shew that 

\Rt~Wa) = W~R^)[?~?)' 

182. Lot <j> (x, y, s) = be the equation to a surface of 
the second order ; if tangent lines be drawn to it from the 
point (a, ,3, 7), shew that the equation to the plane which 
contains all the points of contact is 



where it = <fi (a, /3, 7), 



, dit „ 

-t)- d --». 
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183. Let <f> (x, y,z\ = Q be the equation to a surface of 
the second order ; then the equation to the enveloping cone 
which has its vertex at the point [a, /3, y) is 

„ f, \, <?« , / ovi^" , / ^A 2 u 

iu 

where u = <f>(a, (3, 7). 

Example. Determine the enveloping cone of the surface 

a 6 c 
from the point (a, 6, c) as vertex. 

184. Let (x, y,z) = he the equation to a surface of 
the second order; then the equation, to the enveloping cy- 
linder which has its generating lines parallel to the straight 



J 



d*u cPu , a , (f « } 

n 7 - r + Imn - 7 — j- + 2«i -;- ;■ 

dicey oyo« oada;) 



\ dx dy dzj ' 



where u = <f>(tc, y, z) . 

Example. Determine the enveloping cylinder of the sur- 
face -5 + yi + -; = 1, which has its generating lines parallel to 

the straight line -■ —~ — -. 



,Google 



SURFACES OF TEE SECOND ORDER. 29 

185. Shew that the surface 

[oas + by + cz — Yf + 2a' yz + 2b' zx + Id xy - 

touches the co-ordinate axes; and find the equation to the 
cone which has its vertex at the origin and passes through 
the curve of section of the surface by the plane through the 
points of contact. 

186. Straight lines are drawn through the origin perpen- 
dicular to ti io tangent planes to the cone 

ax" + bif + as 2 + 2a yz + 2.b'zx + 2.dxy — : 

shew that they will generate the cone which lias for its equa- 
tion 

(be - a'*)x* + (ca - b'yf + [ab - c' 2 ) z 1 

4- 2 [b'e' - ad)yz + 2 {da - W)zx + 2 {a'V - cd)xy = 0. 

Shew also Unit if straight lines be drawn through the origin 
perpendicular to the tangent planes to the second cone they 
will generate the first cone. 
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III. Surface in general. 



187. If a sphere pass through the origin of co-ordinates 
and its centre is on the surface do (hied hy the equation 

{3 {a? + f+ s a ) - bj ~ (x + y + zf (x ! + f + 2 s ), 

the sura of the, spherical surfaces cut off by the co-ordinate 
planes is constant and = 2?rk s . 

188. A straight line drawn from the centre of an ellipsoid 
meets the ellipsoid at P and the sphere on the diameter 2a 
at Q: shew that the tangent planes at P and Q contain a 
constant angle a if the co-ordinates of P satisfy the equation 



f+i-ig+f+S)- 



1S9. If a straight line he drawn from the centre of an 

hyperboloid whose equation is — + ?* — j» — 1 to meet the 

surface at P, P', and a pnint Q he taken in CP produced 
such that CP i =l(QP+ QP'), where I is a constant, shew 
that the locus of Q is defined by the equation 



(a? t/ 2 zy_ x* + f- 



190. The shadow of a given ellipsoid thrown by a lumi- 
nous point on the plane which paasea through two of the 
principal axes lias its centre on the curve in which the same 
plane intersects the ellipsoid : shew that the equation to the 
locus of the luminous point is 



-(?-0- 



191. If light fall from a luminous point whose co-ordi- 
nates are a, @, 7, on a surface whose equation is xyz = m", the 
boundary of light ami shade lies on an hyperboloid of one or 
two sheets according as the product of a, J3, 7, is negative or 
positive. 
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192. Tangent planes to an ellipsoid are drawn at a given 
distance from the centre: find the projections on the prin- 
cipal planes of the curve which is the locus of the points of 
contact. In what case will one of these projections consist of 
two straight lines ? 

193. Shew thai, the surfaces whose equations are 

^ + y )((£ W)- c y = 0, 
and (a: - cj +y s + 2* — a 3 = 0, 

touch one another; and that the projection of the curve of 
contact on one of the co-ordinate planes is a circle, and on 
another a parabola. 

194. Two circles have a common diameter AB and their 
planes are inclined to each other at a given angle; on P1 J ', 
any chord of one of them, parallel to All, is described a circle 
with its plane parallel to that of the other circle: show that 
the surface generated by these circles is an ellipsoid the 
squares of whoso axes are in arithmetical progression. 

195. Find the equation to the surface generated by 
straight lines drawn through the origin parallel to normals 

to the surface —, + '%■» + -5 = 1 at points where it is intersected 
a 6 c r 

of if z" 

by ihe surface ■ ., ■ ■ , ■ , + ,-?— , > + -; — t* = 1; & being greater 

than c and less than a. 

196. An ellipse of given cxeentrieity moving with ita 
plane parallel to the plane of {ij, s) aod touching at the ex- 
tremities of its axes the planes of (x, y) and (x, z) always 
passes through the curve whose equations are y = x, cz = a?: 
rind the equation to the suria.ee generated, and determine the 
volume bounded by the surface and two given positions of 
the generating ellipse. 

197. Shew that the surface determined by 

. _ „/ ax+by + cz\ 



is cut by planes parallel to the plane of (cc, y) i 
lines. 
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198. A tangent line to the surface of the ellipsoid 



passes through the axis of s, and a given curve in the plane 

of (%, y) : shew how to find the equation to the surface gene- 
ay 1 V s 
rated by it. Example. The curve being ~ 4- j^ = m", shew 

that the surface consists of two cones of the second order. 

199. Find the diffen; nti al equation to the surface gene- 
rated by a straight line which passes through two given 
curves and remain--; parallel to the plane of (it, y). Shew that 

the equation % = {y — h) tan - represents such a surface. 

200. Determine the surface generated by a straight line 
which move.- parallel to the pla.no of (en. y), unci passes through 
the axis of z and through the curve given by 

a o" c ao 

201. Determine the surface generated by a straight line 

which moves parallel to ilio plane of (,:<; ; ;/) and passes through 
the following curves (1) and (2): 

jl+p-i. y-o (i), 

t + ^-1, *=0 (2). 

202. A surface is generated by a straight line which 
always passes through the two fixed straight lines 

y — mx, z = c ; and y = — mx, z = ~-c: 

shew that the equation to the surface generated is of the 



mcx — ys__ ,/mz'x~cy\ 
c'-s 1 C= *'l (f-s' )' 
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203. If a surface bo such that at. any point of it a straight 
line can "be drawn lying wholly on the surface and intersecting 
the axis of z, then at every point of the surface 



' dai* ' 






204. The general equation to surfaces generated by a 

straight lino which {•:, always parallel to the plane 

he + my + nz =■ 0, 

■ / *V ^E _ 2 ( ds \(l — \ -*^- 

\ dyj da? \ dyj\ dxj dxdy 



A-il-v —V — = 
\ dec) dy* 

205. Find the equation to the surface generated by a 
straight line which always passes through oach of two given 
straight lines in space, and also through the circumference of 
a circle whoso plane is parallel to them bath, and "whose 
centre bisects the shortest distance- between them. 

206. A surface is generated by a straight line which 

always intersects the straight line — - } — = - = , and 

is parallel to the plane ~kx + py + vz = : find the functional 
equation to the surface ; also iind the di.lihrcutial equation. 

207. Find the general functional equation to surfaces 
generated by the motion of a straight line which always in- 
tersects and is perpendicular to a given straight line. 

If a surface whose equation referred to rectangular axes is 

a3?+by*+cs 2 +2a'y3 + %b'za;+2c'xy+2a"x+2b"y+2c"z +1 = 

be capable of generation in this manner, shew that 

a + b + c = 0, aa' 2 + W + co' 1 = 2a'b'c + ahe. 

208. Shew that xys = c (ar'— y*) represents a conoidal but- 
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209. Shew that the condition in order that 

as? + If + as* + 2a" 'x + Wy + 2c"s =/ 

may represent a conical surface is 

— + ? + — +/- 0. 

210. Shew that in order that the equation 

oaj"+ faf+cz'+S.a'yz + 2h'ssx+ 2c'xy+ 2a"x + 2&"y + 2c "s +/= 

may represent a cylindrical surface, it is necessary that 

-£n +-„,--,-■, + -A,, -o. 

aa — oo bb — ca cc — no 
Is this condition sul'iicient as well as necessary J 

211. Explain the two methods of generating a develop- 
able surface; find the cii heron rial equation to developable 
surfaces from each mode of generation. 

212. Arc the following surfaces developable ? 

(1) xyz = a*; (2) z-c = *J{xy). 

213. Find the differential equation to a surface whose 
tangent plane at any point includes with the three co-ordinate 
planes a pyramid of constant volume ; shew that the surface 
is generally developable, the only exception being the surface 
detennmed i)y xyz — a constant. 

214. Find the equation to the surface in which the tan- 
gent plane at (x, y, s) meets t.lio axis of z at a distance from 
the origin equal to that of {<£, y, z) from the origin. 

215. Find the equation to the surface in which the tan- 
gent plane at (x, y, z) meets the axis of z at a distance -—^ 

from the origin. If n — 1, give that form to the arbitrary 
function which will produce the equation to an ellipsoid. 

216. A plane passes through (0, 0, c) and touches the 
circle 

(B»4-y* = o , ( z = 0; 

determine the locus of the ultimate intersections of the plane. 
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217. Three points move with given uniform velocities 
along three rectangular axes from given positions: shew how 
to find the surface to which the plane passing through their 
contemporaneous positions h always a tangent. 

218. Spheres of constant radios r are described passing 
through the origin: find the envelop of the planes of contact 
of tangent cones having a fixed vertex at tin: point (a, b, c). 

219. Find the locus of the ultimate intersections of a 
series of planes touching two parabolas which lie in planes 
perpendicular to each other and have a common vertex and 



220. The sphere a? + f + z* = 2ax + 2bi/ + 2az is cut ty 
another sphere which passes through the origin and has its 
centre on the surface 

^ + S" + - = 1: 
a* b 1 <? 

shew that the equation to the envelop of the planes of inter- 
section is 



221. From each point of the exterior of two concentric 
ellipsoids, whose axes are in the same directions, tangent 
planes are drawn to the surface of the interior ellipsoid : shew 
that all the planes of contact correspojKling to the several 
points of the exterior surface touch another concentric ellipsoid. 

222. From any point P in the surface of an ellipsoid 
straight lines are drawn so as each to pass through one of 
three conjugate diameters, and ho parallel to the plane contain- 
ing the other two ; these straight lines meet the surface again 
at P n P 2 , P 3 : find the equation to the plane which passes 
through these points, and the locus of the ultimate inter- 
sections of all such planes, the diameters remaining fixed 

while P moves ; and shew that its volume = ^ of that of the 
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86 surface-; is Gv.sy.v.Ai,. 

223. A cone envelopes the ellipsoid 

%" y" ?} 
a b o 

and its vertex moves on the similar ellipsoid 

(s - a) 3 fr-fl ' (s- 7 ) 5 = rf . 
a s 6 2 <f 

anew that the plain; of contact touches the surface 



-i + TT + 1 



•)-"e^^- 



224. A sphere iff described having- its centre at a point on 
the surface of an elliptic paraboloid, and its radios equal to the 
distance of the point from a iixed piano perpendicular to the 
axis of the paraboloid; de'terniine the envelop of all such 
spheres. 

225. One axis of an ellipsoid is gradually increased while 
the volume remains constant, and the section containing the 
other axes similar : find the enveloping surface. 

226. Shew thai an mlinite number of plane centric sections 
of an hyperboloid of one sheet may be drawn, each possessing 
the following property, namely that the normals to the surface 
at the curve of section all pass through one or other of two 
straight lines lying in the same plane with the two possible 
axes. 

Shew that these centric planes envelope the asymptotic 
cone. 

227. Shew that the envelop of a sphere of which any one 
of one series of circular sections of an. ellipsoid is a diametral 
plane, is another ellipsoid touching a sphere described on the 
mean axis of the former ellipsoid a.s diameter, in a plane per- 
pendicular to the straight line which passes through the cen- 
tres of the series of circular sections. 

228. Find the envelop of a sphere of constant radius 
having its centre on a given circle, end determine the section 
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by a tangent, plane to the envelop perpendicular to the plane 
of the circle. 

229. From every point of the surface 

4z(la? + l'y*) + tt(«? + y*) = <} (1), 

as vertex, enveloping cones are drawn to the paraboloid 

B-.-(W + iy)=0 (2). 

Shew that the plane.-; of contact all touch the surface 
4s(&r , + Zy)-(ZV+Z'y) = 0. 

Also shew that the surface (1) contains the directrices of all 
the sections of (2) made by planes Through its axis. 
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230. A curve is determined by the equations x + z = a, 
and a? + y 1 + z 1 = a 1 : find the points where the, tangent makes 
an angle /S with the axis of z. 

231. Find the equations to the tangent to the curve 

a o c a o c 

232. Find the equations to the tangent to the curve 

y* = ax — x t , s* = a s — ax. 

233. Find the equations to the curve traced out on the 
surface 

a b 

by the extremities of the In.tora recta of sections made by 
planes passing through the axis of 2. 

234. Having given the equations to a curve in space 
referred to throe rectangular axes, find the length of the per- 
pendicular from the origin upon the tangent at any point. 

Kxainple. x = a cos 6, y = asin 0, z = - (e fl + e~ e ). 

Shew that if the perpendicular be invariable either the 
curve or its involute lies on the surface of a sphere, 

235. A perpendicular is drawn from the origin on the 
tangent to a curve at the point Ox, y, s). lix', y, z' are the 

co-ordinates of the foot of the perpendicular, shew that 
, dx f dx dy dz\ 

, dy I dx dy dz\ 



/Google 



CUEVES. 39 

236. Shew how to determine the locus of the feet of the 
perpendiculars from the origin upon the tangent lines to a 
given curve. 

The equations to the curve heing x = a cos 0, y = a sin 8, 
z = cO, shew that the locus is a curve lying on the surface 
a?-\-if z* _ a? 
c* a* c' ' 

237. A curve is traced on a sphere so that its tangent 
makes always a const ant. angle with a fixed plane: rind its 
length from cusp to cusp. 

238. Find the equation to the normal plane to a curve 
at any proposed point; if the normal plane always passes 
through a fixed straight line, shew that the curve is a circle. 

239. Find the direction cosines of the straight line in 
which the normal plane at any point of a curve meets the 
osculating plane at that point. 

240. Find the equation to the osculating plane at any 
point of the curve 

x — a cos (, y — bsint, s = ct, 

241. If (x, y, z) ho any point on a curve, shew what 
plane is represented by the equation 

242. Find the value of the radius of absolute curvature 
from the consideration that it is tho perpendicular from 
(x, y, z) on the plane in the preceding Example. 

243. Find the radius of curvature of the curve 



at any point. 

244. Determine the radii of absolute and spherical curva- 
ture and the co-ordinates of the centres in the case of a helix. 

245. Find the radius of absolute curvature at a given 
point in the curve determined by 

as = a cos 8, y = h sin 0, z — c6. 
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246. Required the locus from which three given spheres 

will appear of equal magnitudes. 

247. A triangular pyramid upon a given base is such 
that given length;; being measured along the three edges 
from the base the remainders of the edges are always equal 
to one another: shew that the locus of the vertex is a conic 
section. 

248. A point moves on the cone j s + z' — m v a: 2 so that 
the tangent to its pnth is inclined to the axis of the cone at a 
constant angle y3: shew that the Incus of the point is deter- 
mined bythe equation to the cone together with the equation 

k log —sin '--, 
° c mx 

where h = ^- L -^ — _^ 5 and c is a constant. 

249. Shew that a curve drawn on the surface of a right 
cone so as to cut the generating lines at a. constant angle is a 
curve of constant inclination, to the base of the cone, and that 
the consecutive distances between the points at which it cuts 
any one generator are in geometrical progression. 

250. From the vertex of a right cone two curves are 
drawn on the surface culling all the generating lines at con- 
stant angles which arc complementary: shew that the sum of 
the inverse squares of the arcs intercepted between thevertex 
and a given circular section is independent of the magnitudes 
of the complementary angles. 

251. Find the curves of greatest inclination to the co- 
ordinate planes on the surface of which the equation is 
xys = a\ 

252. Find the curves of greatest inclination to the plane 
of {t£, y) on the surface cz = xy, 

253. Tangent planes are drawn to the surface cz = xy at 
all points where this surface is intersected by the cylinder 
x' — ay: find the equations to the edge of regression of the 
developable surface formed by the intersection of these tan- 
gent planes. 



/Google 



254. Find the angle between the osculating planes at two 
consecutive points of a curve. 

255. The shortest distance bet 1 , wen the tangents at two 

consecutive points of a curve of double curvature is — ~ — , 

where <5s is the length of the are between the two points, Scj> 
is the angle between t-ho osculating pianos at the two points, 
and p is the radius of absolute curvature. 

256. Shew that the edge of the developable surface 
formed by the locus of the ultimate intersections of normal 
planes of a curve of double curvature is the locus of the 
centres of spherical curvature of the curve. 

Find the locus of the centres of spherical curvature of a 
helix. 

257. Find the equation to the surface on which lie all the 
evolutes of the curve a? = az, x = y. 

258. Shew that the curve represented by the equations 

a? + if + s* = a 2 , 
Jx + >Jy + J~z = c; 

is cut perpendicularly by each of the series of surfaces 

p, being an arbitrary parameter. 

259. A curve is traced on a surface: shew that the radius 
of absolute curvature at any point of this curve is the same as 
the radius of curvature of the section of the surface made by 
the osculating plane of the curve at that point. 

260. A curve is traced on a sphere : shew that generally 
the radius of the sphere is the radius of spherical curvature 
of the curve; but that this does not hold if the curve be a 
plane curve, or plane for an indefinitely short period at any 
point. 
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261. If the normal plane of a curve constantly touches 
a given sphere the curve is rcctifiable. 

262. If (x', y', z) be the point in the locus of the centres 
of curvature corresponding to the point (,r, y, s) on a curve, 
p the radius of curvature at (x, y, £), and s the are of the 

above locus, shew that -=-? is the cosine of the angle between 

the tangent at (;>/, y , .-;') and the direction of p. 

263. Find the equation to the surface on which lie all the 
evolutes to the curve formed by the intersection of the surfaces 
y h = 4<a(x-\-z), e* = &a(x + y); and determine the equations 
to that evolule which cuts the axis of x at a distance 7« from 
the origin. 
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V, Curvature of Surfaces. 

204. Determine the conditions necessary in order that the 
surfaces whose equations are 

ax" + by" + CZ* + %ays + Ib'zx + 2c' 'ay + 2s = 0, 
Ax?+Btf+Cz*+2A'y2+ZB'2x+2Cxy+2z = 0, 
may have thoir principal radii of curvatures at the origin 
equal; and shew that if these conditions be fulfilled any 
sections of the two surfaces parallel to the plane of (x, y) will 
he similar. 

265. Obtain the quadratic equation for determining the 
principal radii of curvature at any point of the surface 

and find the condition that the principal curvatures may be 
equal and opposite. 

266. The locus of the points on the hyperboloid 

a b c 

for which the principal curvature?, are equal and opposite, has 
for its projection on the plane of (x, y) the ellipse 

a? 



J(a 5 + c 1 )+| F (& , + ^) -<t + V. 



267. Shew that the principal radii of curvature are equal 
in magnitude and opposite in sign at every point of the sur- 
face determined by 

s=(y-6)tan|. 

268. The trace on the plane of (y, z) of the locus of the 
extremities of the principal radii of curvature of the ellipsoid 
whose equation is 
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is given by the equation 

( (6 y)l -|- („)) - (V - fll] j^J^i + ( ^i - l} - ■ 

2fi9. Among tin; surfaces included in the equation 



find that in which the prlii'.-; tj:i1 radii of curvature are equal 
but of opposite sign. 

270. Find the surface of revolution at every point of 
which the radii of curvature are equal in magnitude and op- 
posite in sign. 

271. If a, b be the principal radii of curvature at any 
point of a surface; referred to the tangent plane at that point 
as the plane of (;>-, y) and the principal pianos as planes of 
(jb, z) and (y, «), then will the locus of the circles of curva- 
ture of all normal sections of the surface at the origin be 

<? + f + f) (£ + £)-!, (*+/). 

272. Find the radius of curvature in any normal section of 
the surface 

Ax" + % 5 + CV + %A 'yz + ZB'zx + 2 C'xy + Ez^0, 

at the origin; and shew that the sum of the reciprocals of the 
radii of curvature in sections at right angles to each other is 
constant. 

273. Required the sum of the principal radii of curvature 

at any point of a curved surface in terms of the co-ordinates 
of that point. 

The equation to the surface being fUr, y, .;) =0, express 
the result by partial differential coefficients of f(x, y, z). 

274. If r=f(0, $) be the equation to a surface referred 
to the tangent plane at the origin as the piano of [as, y), then 
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the radius of curvature at the origin of a normal section 
inclined at any angle <£ to the plane of (x, s) is 

= — T-, limit of -.,, when 6 — ^ ■ 
2 dd 2 

Example. In the surface ay — as, shew that a = -. — j-r. 
1 * r sm20 

275. If the surface (a; — of + {y — bf = (z — c) a have con- 
tact of the second order with the surface z=f{x, y), shew 
that at the point of contact 



276. At either point at which the surface 

-iY+^-iY-'+i 



&' 



meets the axis of z, an elliptic paraboloid may be found, 
which has at its vertex a complete contact of the third order 
with the surface. 

277. Find the radius of curvature of a normal section of 
an ellipsoid of revolution made by a plane inclined to the 
meridian at any given angle. 

278. Shew that the locus of the focus of an ellipse rolling 
along a straight line is a curve such that if it revolves ahont 
that straight line, tho sum of the curvatures of any two nor- 
mal sections at right angles to one another will be the same 
for all points of the surface generated. 

279. In any surface of the second order the tangents to 
the lines of curvature at any point are parallel to the axes of 
any plane section parallel tu the tangent plane to the surface 
at that point. 

280. Obtain the differential equation to the projection on 
one of tho co-ordinate planes of the lines of curvature of a 
surface. Apply the equation to determine the lines of curva- 
ture of a surface of revolution. 
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2S1. Determine the lines of curvature en the surface 



282. Find the radius of curvature of any normal section 
of a surface at a given point. 

If y'~ y = m(x — x) be the projection on the plane of (x,y) 
of the tangent line to the curve of section, shew that the 
values of m corresponding to tlie principal sections of the 

surface -=/(-) at the point [x, y, 2) are 

x y + qz 

283. The links of a chain arc circular, heing of the form 
of the surface generated by the revolution of a circle whose 
radius is one inch about a line in its own plane at a distance 
of four inches from the centre : apply Euler's formula for the 
curvature of surfaces to show that if one link be fixed, the 
next cannot be twisted through an angle greater than 60° 
without shortening the chain. 



284. An annular suvfii.ee is generated by the revolution of 
a circle about an axis in its own plane: shew that one of the 
principal radii of curvature at any point of the surface varies 
as the ratio of the distance of tins point from the axis to its 
distance from the cylindrical surface described about the axis 
and passing through the centre of the circle. 

285. If p, p be the greatest and least, radii of curvature 
of a curve surface at a given point, 0, i|r the angles which the 
normal to the surface at a given point makes with the axes 
of x and y, shew that 

-+ - = -j- cos<A+ , cosV/-. 
p p ax T ay ' 

2SG. Define an umbilicus. In what sense do you under- 
stand that there is an infinite number of linos of curvature at 
an umbilicus? And from this consideration deduce the partial 
differential equations which exist at such points. 
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287. Shew that in the surface 

+(")+xCy)++W = o, 

if tf>" (x) = %" (y) = ^c" (s) at any point, that point is an um- 
bilicus. 

288. Find the umbilici of the surface 



289. Find the umbilici of the surface xyz = a". 

290. Shew that the radius of normal curvature of the 
surface xyz — a 3 at an umbilicus is equal to the distance of 
the umbilicus from the origin of co-ordinates. 

291. A sphere described from the origin with radius 

■ , — j- will touch the surface 



in points which are umbilici. 

292. Shew that a sphere whose centre is at the origin and 
whose radius r is determined by the equation 

will touch the surface 

at umbilici ; and the radius* of normal curvature of the surface 

at these points is ,- . 

r «— 1 

293. Determine whether there is an umbilicus on the 
surface 
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294. If B be l.lie radius of absolute curvature at any point 
of a curve denned by the intersection of two surfaces w, = 0, 
i( 3 = 0, and r lt r s be the radii of curvature of the auctions of 
Mj = 0, m 2 = 0, made by the tangent planes to w a = 0, u l = 0, 
respectively at that point, shew that It, r lt r t will be con- 
nected by the relation 

being the angle between the tangent planes. 

295. Two surfaces touch each oilier at the point P; if the 
principal curvatures of the first surface at P be denoted by 
a ± b, those of the second by o' ± V, and if -sr be the angle 
between the principal planes to which a + b, a +b', refer, 
and S the angle between the two branches at P of the curve 
of intersection of the surfaces, shew that 

cos2 S = y + y* _ 2bb' cos 2^ ' 

296. Shew that at any point of a developable surface, the 
curvature of any normal section varies as the square of the 
sine of the angle which this section makes with, the gene- 
rating line, and that at different points along the same gene- 
rating line the principal radius of curvature varies as the 
distance from the point of intersection of consecutive gene- 
rating lines. 

297. A surface is generated hy the motion of a straight 
line which always intersects a fixed axis. If P be any point 
in this axis at a distance x from the origin, tf> the a.ngle which 
the generating line through this point makes with the axis, 
and -ofr the angle which the plane through the axis and the 
generating line makes witli its initial position, shew that the 
principal radii of curvature at Pare 

, <h dx , , <b dx 

cot ~ -j-f and - tan g -j -.- . 

2 d^r 2 ay 

298. The short est. dial ancc between two points on a curved 
surface never coincides with a line of curvature unless it be a 
plane curve. 
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VI. Miscellaneous Examples. 

299. Find the condition which must hold in order that 

the equations 

a% + c'y + b'z = 0, by + a'z + c'x = 0, ez + b'x + ay = 0, 
may represent a straight line; and show that in that case the 
straight line ia determined by the following equations: 

w (aa' - b'c') =y (bb' - c'a!) = z (cc - a'b'). 

300. Show that the six planes which bisect the interior 
angles of a tetrahedron meet at a point. 

301. Shew that the three planes which bisect the exterior 
angles round one face of a tetrahedron and the three planes 
which bisect the interior angles formed by the other three 
faces meet afc a point. 

302. If a = 0, £ = 0, 7 = 0, $ = be the equations to the 
faces of a tetrahedron expressed in a suitable form, A, B, 

C, D the areas of the respective faces, shew that 



Aa + Bfi + C<y + DS = a constant. 
Interpret Aa + Bft + 0/ = 0. 

303. If a = 0, j8 = 0, 7 = be the equations to three 
planes which form a trihedral an^'lc, the equation to a cone 
of the second degree which lias its vertex at the angular point 
and touches two of the planes at their intersections with the 
third, is 7*— ib£ = 0. 

304. Give the geometrical interpretation of the equation 
uu — lew', where k is a constant, and the other letters denote 
linear functions of x, y, z. Hence shew that there must exist 
surfaces of the second order which contain straight lines. 

305. If u t = 0, « s = 0, « 3 = be the equations to three 
planes, interpret the equation 
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306. Also interpret Augi % + Ba^ + Cuft a = 0. 

307. If u, v, w are linear functions of x, y, z, shew that 
uv = w s represents a conical, surface; and shew that the equa- 
tion to the tangent plane is Vw — 2\w + v = 0. 

308. Let v = be the equation to a surface of the second 
order; Wj = and w s = the equations to two planes: shew 
that by giving a suitable value to the constant X the equation 
v + Xu 1 u a = will represent any surface of the second order 
which passes through the intersections of the two planes with 
the given surface. 

300. If ( = 0, m = 0, v = 0, w = be the equations to four 
given planes, and \, /j. be two artri trary constants, shew that 
t + \u = Q represents a plane which passes through a fixed 
straight line, * + \u + pv — a plane which passes through a 
fixed point, and tw + fituv = a surface of the second order 
which contains four fixed straight lines. 

310. If the equation to a surface of the second order he 
v a + 2u 1 + l= 0, where u i and w 9 represent the terms of the 
first and second order respectively, and tangent planes be 
drawn to the surface from any point of the plane determined 
by Mj + 1 = 0, the planes of contact will all pass through the 
origin. 

311. If ct, 0, 7, 5 be the distances of any point from the 
faces of a tetrahedron, show that the general, equation to a 
surface of the second order circumscribing the tetrahedron is 

Aa8 + Bay + CaS + Dfa + E/3& + FyS = 0. 

Determine the condition necessary in order that the straight 

line-,- = — =--mav touch the surface; and hence shew that the 

equation to the tangent plane at the point (a = /3 = 7 = 0) is 

C<l + E/3 + Fy = 0. 

312. If A, B, C, D be the angular points of a tetrahedron ; 
a, 0, 7, S the distances of any point from the faces respectively 
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opposite to them, shew that the general equation of the 
hyperboloid of one sheet of which AB, CD are genei 
lines is 

fay + 77128 + nfty + p/3& = 0. 

313. Interpret u* + 1? + v? = a, where u, i 
functions of x, y, s, and a is a constant. 

314. Interpret u' + v" — id 

315. Interpret m ! + d* 

316. Interpret « s — V 

317. Interpret w 

318. Interpret u'+V + m 

319. Interpret u'-V + k 

320. Interpret « a 4- w = 0. 

321. Interpret # = constant. 

322. Interpret <f> = constant, 

323. Interpret r = constant, 
324.. Interpret F(&) = 0. 

325. Interpret F(<f) = 0. 

326. Interpret F(r)=0. 

327. Interpret F{r, 0) = O. 

328. Interpret F(r,$) = 0. 

329. Interpret J(ft # = 0. 

330. Describe the form of the surface represented [>v 

331. Interpret r = a cos 0. 

332. Shew that the polar equation to a plane may be put 
in the form - = cos « cos B + sin a sin $ cos ($ — /3)' 



,Google 



52 MISCELLANEOUS EXAMPLES. 

333. If p be the perpendicular from the origin on the 
tangent plane at any point of the surface r =/(#, <j>), 

1 _ 1 1 fdrV cosee 2 6 fdr\ 2 
2? r 2 r* \d6) r* \d<f>j 

334. Shew that the polar partial differential equation to 

conical surfaces with the origin as vertex is 

-r = 0, or -r- = 0. 
dr dr 

335. Shew that the polar partial differential equation to 

surfaces of .1 evolution is 



336. Shew thai, tho polar partial differential equation to 
cylindrical surfaces is 

sin -J2, + *" cos # - 0. 

337. Find the volume of a pyramid which has its vertex 
at the point (.», ?/, s), and for its base the triangle formed by 
joining the points where (he plane 



meets the co-ordinate axes. 

338. Demonstrate the formula? for transforming from one 
set of rectangular axes to another. Shew that all six axes 
lie on a certain cone of the second order. 

339. If two systems of rectangular axes have the same 
origin, and (a t , 6„ c,), (a a , \, c g ), [a 3 , b 3 , c s ) be the direction 

cosines of one system with respect to the other, shew that 

340. Find the size of a cube which will stop up a tube of 
uniform bore, the section of which is a regular hexagon whose 
sides are given. 
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341. The stereograph ie projection of a cube on a plane 
perpendicular to its diagonal (the pole heing in the diagonal 
produced) is an equilateral hexagon, whose angles are alter- 
nately greater and less. If the pole of projection be at a 
distance from the cube equal to its diagonal, the sines of two 
adjacent angles of the hexagon are as 8 to 5. 

342. A eubo being placed with one face in contact with a 
given plane, determine the position of a luminous point such 
that the shadow cast on the plane shall he an. equilateral pen- 
tagon of which the diagonal of the above face is one side. 



343. Find the locus of the centres of the sections of a 
surface of the second order made by planes which all pass 
through a fixed straight line. 

344. Find the locus of the middle points of all chords 
drawn in a surface of the second degree, the length of each 
chord varying as the diameter parallel to it. 

345. From different points of the straight line - = € , s = 0, 
asymptotic straight lines are drawn to the hyperboloid 

OS b c 
shew that they will all lie in the planes 

a o c 

346. Common tangent planes are drawn to the ellipsoids 

a c a b c 

shew that the perpendiculars upon them from the origin lie 
in the surface of the cone 

{a? - a' 2 ) a? + (b s - b") / + (o a - c' a ) S* = 0. 

347. Determine what must be the form of a column in 
order that it may appear to be of uniform thickness to an 

observer in a given position. 
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348. If the section of the surface whose equation is 

c^ + btf + a£+2q'ys + 2b'za)+2c'xy+2d'x+2b''y+2c''ss+f=0, 
by the plane whose equation is 

Ix + my + nz =p, 
be a rectangular hyperbola, then will 

I' (b + c)+ to 5 (c + a) 4- r? (a + b) = 2a'mn + 2Vnl + 2c'hn. 

349. If the section of the surface xy + yz + sx = a? by the 
plane Ix + my + nz = <S be a parabola, then will 



350. Shew that the asymptotes of any plane section of an 
hyperboloid are parallel to the straight lines in which the 
asymptotic cone is cut by the parallel central plane. 

351. Two hyperbole ids of one and two sheets respectively 
have the same asymptotic cone : shew that the sections of 
the hyperboloid of one sheet by tangent planes to the other 
hyperbolnid will be ellipses of constant area if the points of 
contact lie on the curve of section of the surface by a certain 
concentric ellipsoid whose axes are in the ratio of the squares 
of the axes of the hyperboloids. 

352. Through two straight, lines given in space two planes 
are drawn so as to be at right angles : lind the locus of their 
intersection. 

353. A surface is generated by the intersection of planes 
cutting the axes of co-ordinates n.t distances from the origin 
equal to the respective co-ordinates of each point of the el- 
lipsoid — + ?i + -j ~ 1 J if the surface so generated be treated 

as the ellipsoid and the process repeated n times, the equa- 
tion to the n a surface will be 



©--®" 
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334. A surface is generated by a variable circle whose 
plane is parallel to x+y = 0, and which always passes 
through the axes of x and y and the line y—m, s — c: find 
the equation to the surface. Also find the volume between 
the origin and the plane x + y = c. 



355. Two equal parabolas have their common vertex at 
the origin, their axes coincident with the axis of x in opposite 
directions, and their -planes coincident with the planes of {x, y) 
and (x, z) respectively; a straight line is drawn intersecting 
these curves and parallel to the plane y~z: find the locus of 
its trace on the plane of (y, z), 

356. Explain the nature of the surface defined by the 
equation 

near the points where it meets the hyperboloid 



in the several cases in which m is > = or < 1, 

357. Planes are drawn perpendicular to the tangent lines 
to the surface / [no, y, s) = at a point (x, y, z) in it : shew 
that if at that point 

£.01 f = 0, f = 0, 

dx dy da 

dj_ _^y = , 

da? ' '" dydz '"' 

the locus of the ultimate intersections of the planes is the 
cone 
(„,„-„'■)({-«)■+... +2 (»W— »')(,- j) «-«)+.. .-0. 

358, Shew that the normal cone at a singular point of 
the surface 

(ar+ y 3 +z') (aV+fcy+cV) - a*Qf+d) # B -& S (c s +a B ) i/ 2 -c a (a s 4-5 a ) a' 
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has for its equation 

(6' - o ({-»,)' + («" - "•) <f + («' - *') (f - O" 

when *=- V '°*" ! '' ) . v=0 ^."-^'---^ 
are the co-ordinates of the singular point. 

359. If/ (as, y, z, c) = represent a system of surfaces for 
which c is a variable parameter, shew how to find the locus 
of the points of coutact of tangent planes to each one of the 
system, each tangent plane passing thro ugh a fixed point. 

Example, ar° 4- y* = 2c (s — e), each of the tangent planes 
passing through the origin. 

360. If PN be the normal at the point I' of any surface, 
a, b the principal radii of curvature at P, r the radius of cur- 
vature of the norma! section made liy a plain; inclined at an 
angle 8 to the principal section to which a refers, PQ = s an 
indefinitely small arc in this section, tdiew that if 1) be the 
minimum distance of the normals at Pand Q, c the distance 
from P of their point of nearest approach, 

„ __ sin 5 cos 2 8 {a — b'f s 2 _ ab {b cos a 8 + a sin" 6) 
~~ b" cos 2 9 + a* sin* ' b' cos 2 8 + a? sin 2 8 

Expres 

361. A family of surfaces is defined by the equation 

F{x,y,z,a,$(a),f(a)}=<), 

where a is a variable parameter and (f> (a) and ty (a) arbitrary 
functions of a : shew how to find the partial differential equa- 
tion of the second order which belongs to the envelop, and 
prove that it assumes the form 

rt-s* + Pr+ Qs + Bt + B-0, 
where P, Q, E, S are functions of as, y, z, p and q. 
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362. If the equation to a system of surfaces contains an 
arbitrary parameter, shew that a curve can always be found 
which cuts them all at right angles. 

363. Find the equations to a curve which cuts at right 
angles a series of ellipsoids which have their axes fixed in 
position and two of them of given length. 

364 Shew that the section of a surface made by a plane 
parallel and indefinitely near to the tangent plane at any 
point in the immediate neighbourhood of that point is gene- 
rally a conic section ; and explain fully the peculiarity of the 
surface near a point where this conic section becomes two 
parallel straight lines. 

365. Shew how to determine whether a. curved surface has 
a tangent plane which touches it along a line. Examples : 

(i) [> a +f+ zy = 4a? ry -j- f). 

(2) Vz^^ + tfY-tf^ + tf). 

366. The extremities of the minor axis of the elliptic sec- 
tions of a right cone made by parallel planes lie in two gene- 
rating lines of the cone. 

367. Shew bow to cut from a given right cone a.n hyperbola 
whose asymptotes shall contain the greatest possible angle. 

368. What is the section of a right cone by a plane when 
the cutting plane h. parallel to a generating line, but not per- 
pendicular to the plane containing the a.xis and that line? 

369. Two spheres exterior to each other are inscribed in 
a right cone touching it in two circles on the same side of 
the vertex, and a plane is drawn touching the spheres and 
cutting the cone : shew that the section is an ellipse, that 
the points of contact of the spheres with the plane are the 
foci, and that the planes of the two circles contain the direc- 
trices. 

370. A conical surface is placed with its circular base in 
contact with a plane. It is then slit along a generating line 
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and the vertex pressed in a direction perpendicular to the 
plane, the base remaining in contact while the surface open* 
out: show that the extremities of the separating edges trace 
hyperbolic spirals. 

371. A triangle ABC revolves about a straight line which 
bisects the angle A, and the conical surface generated by the 
sides containing that angle is cut by a plane passing through 

the other side and perpendicular to the piano of the triangle 
in one of its positions : shew that if e be the oxcenlricitv of 

the section, e = ^- , 

a 

372. If the cone a? + y* = z (mx+nz) cut any sphere 
which has its centre at the origin, shew that the projection 
on the piano of (x, z) of the curve of intersection is an hyper- 
bola which has its centre at the origin. 

373. A straight inelastic band is wrapped smoothly on 
the surface of a cone : shew that however long it may he, the 
two ends of either of its edges cannot be made to meet, if the 
vertical angle of the cone be greater than 60". 

374. Shew that an oblique cone on a circular base can be 
cut by a plane not parallel to the base, so that the section 
shall be a circle. Shew that the cone so cut off is similar to 
the whole cone. 

375. If / (x, y, z) = be the equation to any surface 
which passes through the origin, and <£ (x, y, z) the sum of 
all the terms of lowest dimension in f{x, y, z), shew that 
4> (p, y, z) = Q is the locus of all the tangent lines at the 
origin. 

376. Find the surface which touches at the origin the 
surface whose equation is 

(V + f + * a + 2ffic)'-4 (c a - a 5 ) (f + s s ) = ; 
and shew that as a diminishes and ultimately vanishes, the 
tangent cone contracts and ultimately becomes a straight 
line, and that as a increases up to c it expands and finally 
becomes a plane. 
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377. A circle always touches the axis of s at the origin, 
and passes through a fixed straight line in the plane of (x,y) : 
find the equation to the surface generated. Shew that the 
origin is a singular point, and that in its immediate neigh- 
bourhood the surin.ro may be conceived to be generated by a 
circle having its plane parallel to that of (x, y), and it.s radius 
proportional to s . 

378. A circle revolves round a chord in its own plane, the 
direction cosines of which are I, m, n : shew that the equation 
to the surface generated is 

(lx+my + nz — hf + [*/[a? + y* + s* — (tx + my + nsf) -kf=r 2 , 

where r is the radius of the circle ; h and k the distances of 
the centre of the circle along and from the chord al line winch 
is supposed to pass through the origin. Determine the sin- 
gular points of this surface and the equation to the tangent 
cone there ; also determine the equation to the tangent planes 
which touch the surface along circles. 

379. The traces of a surface of the second order on two 
planes at right angles to each other are parabolas with their 
axes parallel to the line of intersection of the planes : find 
the condition that the surface may be a developable surface ; 
and shew that in that case the traces of the surface on a plane 
perpendicular to the first two will also be a parabola. 

380. Find the locus of the point at which a perpendicular 
from the origin meets a. plane which cuts oil' a constant volume 

from the co-ordinate planes. 

381. An oblique cylinder stands on a great circle of a 
sphere : determine the curve of intersection of the sphere and 
cylinder, and find the area of the spherical surface included 
within the cylinder. 

382. The locus of the intersection of generating lines of 
an hyperboloid of one sheet winch pass through extremities 
of conjugate diameters of the smallest elliptic section is a 
similar ellipse parallel to it, whose axes are to the axes of the 

former as \J1 to 1. 
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S83. Find the surface which is generated by a straight 
line which is always parallel to the plane of (x, y), and passes 
through the axis of z, and also through the curve determined 

by xyz — a 3 , x 2 + if^ c ! . 

3S4. A normal to the surface of which the equation is 

x cos nz — y sin ns = 0, 

moves along any one of its generating lines: determine the 
surface generated. 

385. The equations to a system of lines in space, straight 
or curved, oontain two arbitrary parameters : shew how to 
find whether the lines can be cut at right angles by a system 
of surfaces, and when they can shew how to find the equation 

to that system. 

Examples. (1) Let the lines be a system of straight lines, 
each of which intersects two given straight lines which are 
perpendicular to each other but do not intersect. (2) Let 
the equations to the system of lines be Ax a = By ? => Cz v , where 
A, B, G, arc arbitrary. 

386. The equation to a system of surfaces contains one 
arbitrary parameter ; normals are drawn at all points of one 
of these surfaces, and the lengths of the normals are taken 
proportional to the ultimate distances between the surface in 
question and a consecutive surface: shew how to find the 
equation to the locus of the extremities of the normals, 

387. The equations to a system of straight lines in space 
contain two arbitrary parameters: shew that when the roots 
of a certain quadratic are real and unequal, there are two 
planes passing through a given line of the system which con- 
tain consecutive lines. 

388. A cavity is just large enough to allow of the com- 
plete revolution of a circular disk of radius c, whose centre 
describes a circle of the same radius c, while the plane of the 
disk is constantly parallel to a fixed plane and perpendicular 



/Google 



MISCELLANEOUS EXAMPLES. 61 

to that of the circle in which its cnniro moves. Shew that 
the volume of the cavity is — (37T + 8), 

389. The solid of which the surface is determined by the 
equation *Jx 4- \jy + V s = V a revolves round the fixed axis 
of z and makes for itself a cavity in a mass of yielding 
material : determine the form and magnitude of the cavity. 

390. Shew that the surfaces represented by the equations 

« 2 V 1 ' X 1 y' i 3 s ' 

will touch each other in eight points if 



and prove that if tangent planes be drawn at these points 
they will form a solid whose opposite laces arc similar and 

parallel, and the volume of which is 

4 (abc)* 
3(<#v)i' 

391. Normals are drawn to the ellipsoid 

or or o 

at every point of its curve of intersection with the sphere 

af + j* + s?=p*\ 

shew that the equation to the curve in which the locus of 
these normals is cut by the plane of {y, s) is 

_^y_ cV _„«_„* 
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392. Find the envelop of the plane 

ax + @y + ^2 = 1, 
the parameters a, /3, y being subject to the relations 
aa + 6j3 + cy - 1, 
aV + 6'/3 a + cV = l. 

393. Determine the singular point on the surface 

and the locus of the tangent bnes there. 

394. The tangent plane to a surface £ cuts an ellipsoid, 
and the locus of the vertex of the cone which touches the 
ellipsoid in the curve of intersection is another surface jS'. 
Shew that S and S' are reciprocal ; that is, that $ may be 
generated from S' in the same manner as S' has been gene- 
rated from S. 

395. A plane moves so as always to cut off from an 
ellipsoid the same volume : shew that it will in every position 

touch a similar ami com centric ellipsoid. 

396. Shew that the tangent plane at any point of the 
surface 

(axj + (by)* + (cz'f = 2 {bcyz + cazx + abxy) 

intersects the surface 

ayz + bzx + cxy = 

in two straight lines which are at right angles to one an- 
other. 

397. A plane is drawn through the axis of y such that 
its trace upon the plane of (z, x) touches the two circles in 
which the plane of (z, x) meets the surface generated by the 
revolution round the axis of z of the circle 

(x- a,)* + * = <?, 

where a is greater than c: determine the curve of intersection 

of the plane ami the surface. 
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398. A straight line of constant length moves with one 
extremity in the axis, and the other in the surface of an 
elliptic cone : find the equation to the surface which is the 
locus of its middle point, and shew that the trace on a plane 
passing through the vertex at right angles to the axis is an 



399. A plane is drawn through a generating line of an 
hyperboloid of one sheet: shew that it meets the surface again 
in a straight line. 

400. A plane moves so as always to enclose between itself 
and a given surface 8 a constant volume : shew that the 
envelop of the system of such planes is the same as the locus 
of the centres of gravity of the portions of the planes com- 
prised within 8. 

401. DA, OB, 00 are three straight lines mutually at 
right angles, and a. luminous point, is placed at : shew that 
when the quantity of light received upon the triangle A OB is 
constant, the curve which is always touched by AB will be 
an hyperbola whose equation referred to the axes OA, OB is 

{y — nix) {x — my) = mc B , 

where 00 = c, and m is a constant quantity. 

402. If u =/(?;, y, z) be a rational function of x, y, z, and 
if it = be the equation to a surface, for a point (a, b, c) of 
which all the partial differential coefficients of u as far astho.se 
of the (n — lf b order vanish, shew that the conical surface 
whose equation is 

will touch the proposed surface at the point (a, b, c). 

403. Determine the condition to which the vertices of a 
system of cones which envelope an ellipsoid must be subject, 
in order that the centres of the ellipses of contact may be 
equidistant from the centre of the ellipsoid. 
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404. A plane passes through the vertex of the elliptic 

paraboloid 2s = — + ^-: shew that if the radius of curvature of 

all its sections of the surface at the vertex he equal to c, the 
normal to the plane at the origin will lie upon the surface 



(rf + yy-cV+s'+a-) (£+£)'. 



405. Find the position in which an ellipsoid must bo 
placed in order that its orthogonal projection may be circular, 
assuming that tho plane on which it is projected must be 
1 to its mean axis. 



406. Find the equation to tho surface generated by a 
straight line of given length, which moves parallel to the plane 
of {x, y), with one end in the plane of (y, z) and the other 
on a given curve, as = (z), in the plane of (x, z). 

407. Find the shortest distance between the diagonal of a 
cube and an edge which it does not meet 

408. Find the equation to the plane \\ hich passes through 
the origin and contains the straight line determined in Ex- 
ample 45. 

409. Find the equations to the perpendicular from the 
origin on the straight line determined in Kx;i.mple45, and the 
co-ordinates of the point- of intersection. 

410. A cube is cut by a plane perpendicular to one of its 
diagonals: determine tho perimeter and area of the section, 

and the greatest value of the area. 

411. Find the point from which the sum of the squares of 

the perpendiculars on four given planes is a minimum. 

412. If one of the diagonals of a rectangular parallele- 
piped be so plaoed as to subtend at the eye a right angle, 
each of the others will at the same time appear under a 
right angle. 
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413. Find the largest parallel cpipcd which can be in- 
scribed in a given ellipsoid. 

414. A scries of planes described according to a given 
law cut an ellipsoid whoso equation is 



find the locus of the centres of all the plane .sections. 

Example. If the normal to the cutting plane be a. gene- 
rating line of the cone aV + &y — cV = 0, the locus will be 

another cone whose equation is 



415. Find the condition that the plane lx+ mr/+ ns=p 

may cut the surface — , + , , — ■- = 1 in two straight lines. 
1 a- b" c* ° 

410. A cone whose vertical angle is 90" intersects the 
sphere which touches the axis of the cone at the vertex ; find 
the projections of the curve of intersection on the plane per- 
pendicular to the axis of the cone, on that perpendicular to 
the diameter of the sphere at the vertex, and on that which 
contains these two straight linos: and compare the areas of 
the latter two. 

417. If a section bo taken through the axis of an oblate 
spheroid, and through the directrix of the curve thus formed 
any plane he drawn cutting the surface, the cone which has 
for its base the section of the surface by this plane and for its 
vertex the focus corresponding to the directrix will be one of 
revolution. 

418. Find the equation to the locus of a straight lino 
always intersecting avid perpendicular to the straight line 
x + y — O, s=0, and passing through the perimeter of the 
parabola a? = ls,y= 0. 

T. A. g. 5 
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419. All sections of the surface 



which are at the same distance p from the origin, have their 
centres on the surface of which the equation is 

420. Determine the surface represented by s 3 = a:y + a: E . 
421.. Determine the surface represented by 
a?-y i -s>-{-2y S +a> + y-z=Q. 

422. The elhpsoid -j + tj + ~i — 1 is cu t by the plane 

Ix + my + ns — p: find the equation to an ellipsoid similar to 
the original ellipsoid and similarly situated, which has its 
centre at the centre of the plane section and passes through 
the curve of intersection. Apply the result to find the area 
of the plane section. 

42S. Suppose u a homogeneous function of the second 
degree, v l and v s homogeneous functions of the first degree, 
c, and c B constants ; then the cone winch has its vertex at the 
origin and for directrix the intersection of w + ^ + Cj = and 
v 2 + c s = is determined by 

c/w — CjWjf, + oje* = 0. 

424. Find the area of the section of the cone 

d' b* c* 
made by the plane Ix + my + ns —p. 

425. Find the volume contained between the plane and 
the cone in the preceding Example. 

426. Shew that the tangent plane at any point of an 
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byperboloid of two sheets cuts off a constant volume from 
the asymptotic cone, 

427. A straight line passing through a fixed point and 
having the sum of its inclinations to two fixed straight 
lines through the same point constant generates a cone of 
the second order. 

Any section perpendicular to either of the fixed straight 
lines has for its focus its intersection with the fixed straight 
line. 

428. If two surfaces of the second order touch at two 
points they will in general intersect in two planes. 

429. If PQ, Pit be any two chords of an ellipsoid in the 
same plane with a fixed chord PK and inclined at the same 
angle to it, then the locus of all the possible intersections 
of QR, Q'M', &c. will be the straight hue PK and another 
straight line. 

430. A sphere touches an elliptic paraboloid at the vertex 
and has its diameter a mean proportional between the para- 
meters of the principal section* of the paraboloid: find the 
equation to the projection of the curve of intersection on the 
tangent plane at the vertex. 

431. A cone has its vertex at the centre of an ellipsoid 
and for its directrix a plane section of the ellipsoid ; if the 
cone cut the tangent plane to (.he ellipsoid at the extremity 
of one of its axes in a circle, the plane section of the cone 
and ellipsoid must pass through one of two fixed points in 
the smaller of the other two axes. 

432. G is the centre of an ellipsoid, P an external point 
which is the vertex of a cone enveloping the ellipsoid, and 
with any point Q as vertex a cone is constructed having it* 
generating lines parallel respectively in those of ibis envelop- 
ing cone : show that the cone having its vertex at Q cannot 
cut the ellipsoid in a plane curve unless Q be on the straight 
line GP or CP produced. 

5—2 
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433. An oblate spheroid revolves about any diameter: 
find the equation to the surface which envelops it in every 
position. 

434. If any number of straight lines, drawn in any direc- 
tions from one given point have their lengths proportional 
to the cosines of the tingles which they severally make with 
the longest line a, and spheres be described on each of these 
straight lines as diameters, these spheres will be enveloped 
by the surface, generated by the revolution of the curve 

r = a cos a , 

the given point being the pole, 

435. A plane is moved so tis to cut ofi from the co-ordinate 
planes areas whose sum is always equal to 2ri* : shew that the 
surface to which the piano is always a tangent, plane is repre- 
sented by the equation 

(a»-«)(8y-i.)(s»-t0 + wi»-o, 

where u = x-\-y + z± >J($r? + a? + y* + s? — xy — yz - zx). 

436. Find the general functional equation to the surfaces 
of Example 204. 

437. Tangent planes to the surface determined by 



pass through a point P: shew that a sphere can be described 
through the curve of contact provided P lie on a certain 
straight line passing through the origin. 

438. A straight line BC of given length moves with its 
extremities always on two fixed straight lines AB, A G at 
right angles to each other; from the point A a perpendicular 
AD is drawn to BC, and with radius AD and centre D a 
circle is described having its plane perpendicular to BC: find 
the equation to the surface generated by the circle. 
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439. Determine the surface represented by 

*" = KV + .y') - «H W(*° + /)) . 

440. If r be the radius vector, p the perpendicular from 
the origin on the tangent, s the arc of the curve, 

dp p 1 , d?r 
V-f = - r j-i . 

1 dr r as 

441. If p be the radius of absolute curvature of a curve, 
p the distance of the centre of absolute curvature from the 
origin, r the radius vector, p the perpendicular from the 
origin on the tangent, 

dp r i + p l ~p" 1 ' 

442. In the surface 

2cs a + z {a? + 2xy + f - 2c ! ) - icxy = 
find the radius of curvature of a normal section at any point 
in the axis of x, the tangent to the curve of section at the 
point being perpendicular to the axis of x. 

443. In the surface of the preceding Example find the 
principal radii of curvature for any point in the axis of x. 

444. Assuming that the curvature at any point of a sur- 
face is measured by the product of the reciprocals of the 
principal radii, shew that the lines of equal curvature on 
the surface of an elliptic paraboloid are projected on a plane 
perpendicular to its axis in similar ellipses, whose axes are 
proportional to the parameters of the principal sections of 
the paraboloid. 

445. Conceive a system of surfaces of such a nature that 
a normal at any point of one of them is a normal to all the 
rest; let u = be the equation to one of these surfaces, let 
the normal at any point P be the axis of z, and let the dis- 
tance of the origin from the point P be an harmonic mean 
between the greatest and least radii of curvature at that 
point: then shew that at the point P 

dj; 1 dif dz* a ds" 
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446. A plant: parses through a fixed point; find Its posi- 
tion when the volume included between it and the co-ordi- 
nate planes is a minimum. 

447. A solid angle is formed by three planes; the tangent 
plane to a given surface meets them, and so forms the base 
of a tetrahedron. Shew that in genera I when this tetrahedron 
is a maximum or a minimum the point of contact is at the 
centre of gravity of the base of the tetrahedron. 

448. The number of normals to a surface of the w th de- 
gree which can pats through a given point cannot exceed 



449. In a surface of the second degree the locus of the 
points for which the sum of the squares of the normals to 
the surface is a constant quantity, is a surface of the second 
degree concentric with the given surface, and having the 
direction of its principal axes the same. 

450. Two spheres being given in magnitude and posi- 
tion, every sphere whieli intersects them in given angles 
will touch two other fixed spheres, or cut another at right 



451. From the origin arc drawn three equal straight lines 
of length p, such that the inclinations of the first to the axes 
of x, y, z, arc the same as those of the second to y, z, x, and 
of the third to s, x, y, respectively: three planes are drawn 
perpendicular to them through their extremities: find the 
co-ordinates of their common point. 

452. A plane cuts the six edges of a tetrahedron at six 
points; six other points are taken, one in each edge, so as to 
cut it harmonically: show that the six planes through these 
points and the opposite edges of the tetrahedron intersect at 
one point. 

453. OL, OM, OK are conjugate semi-diameters in an 
" ; a perpendicular is drawn from on the plane 
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LMN meeting it at Q ; and a diametral plane is drawn pa- 
rallel to the plane LMN. Shew that the cone which has its 
vertex at Q, and for its base the section of the ellipsoid by 
the diametral plane, is of constant volume. 

454. Shew that the foci of all parabolic sections of the 
surface 

lie on the surface 

K-S(?+0-7(£4). 

455. If normals bo drawn to the ellipsoid 

at the points where it is cut by the cone 

x y z 
prove that all those normals will pass through a diameter of 
the ellipsoid. 

456. Shew that a straight line parallel to the least axis 
of an ellipsoid will he the directrix of two plane sections of 
the ellipsoid, provided the straight line be situated between 

two definite cylindrical surfaces. 

457. Investigate an equation to the surface generated by 
a straight line which always meets t.lireu straight lines, which 
do not pass through the same point and are not all parallel 
to the same plane. 

Two surfaces are so generated, the three fixed straight 
lines for one surface being parallel to the three fixed straight 
lines for the other: shew that if the two surfaces intersect 
on two planes, one plane will be parallel to four of the fixed 
straight lines, and the other plane will be parallel to the 
other two. 
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458. A cone whose; vertex is any point of the hyperbola 

envelopes the ellipsoid 

whose least semi-axis is c ; and h and h satisfy the relation 

"-* — I? + V~' 

shew that the directrices of all the sections of the ellipsoid 
made by the planes of contact lie in. one or other of two 
fixed planes. 

459. Prove that the foci of all centric sections of the 
surface 

ax* + by* + cz s = 1 
lie on the surface 

<ff+?+f )0.- oif- I f -a?) 
aa? + by* + cs 3 
_ ■ (c — fy'-ifz* 4- (a — <:f aV + ( h — aY ;*?!? 
o(c — &)*#V + 6 (a — c) s .zW + c (6 — aj* ay 

460. The equations to points in a curve are 

x = ia cos 3 9, y = 4a sin 3 6, z = 3c cos 2#: 
find the equations of the normal and osculating pianos ; and 
determine the relation between o and a that the locus of the 
centre of the sphere of curvature may be a curve similar to 
the original curve. 
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2<i6c _ 2abc 

V(flW + fiV + eV>' J{a J ¥ + 6V+7V 



10. ***.z±m. 11. s. 



12. The equation may be written 

{x coa /3 - y cos a)' + (y cos y - s cos £)* + (« cos a - x cos y) ! = j 
thus it represents the straight line 



^ + % - r« - ■ 7J _ y! '* + J?> + 6"; - V 
io. m, i*. AK + S p + Cy _ B A'a + B'p + C'y-D'- 

15. iJ'(^ + %+Cs) = -0( J l'a!4-£'y + C'2); the condition is 

/DV _ J' + ig ' + C 3 

16. (■-o){»{«-(0-»(4-eO} + *oi-a 
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17. First obtain the equation to the plane which contains the 
two given straight lines ; this is 

• K™, - V J + ./ («,!, - »,0 + • (!,m, - (.»,) - ; 
then find the equation to a plane ■which is perpendicular to the 
plane just determined and equally inclined to the two given 
straight lines. 

21. S-,/2. 22. (x - a) (mri - m'n) + &c. = 0. 

23. The question I.-i iniii'tcnnir.iite. since an unlimited number 
of straight lines can be drawn as required. 

24. Suppose the given, plane to be determined by 

Ax + By+ Cz = 7> ; 
and suppose that the line of intersection is to lie in the plane of 
(x, y) ; then, we nuiy assume for the equation to- the required plane 
Ax + By + As = D, and determine A suitably. 
27. 60". 28. Pour straight lines. 

29. The condition is a 3 + V + c 1 + 2abc = 1. 

30. (p 1 cos a -p cos <x,)« + (p, cos /5 -p cos ft) y + Xs = 0, 
where(^i | COSa-j)COSn 1 ) ! ' + (^ | COS/3-pcos^ 1 ) 3 +X(p ) COSy-^Cosy 1 )=0. 

31. Lot tin; given point be (a, b t c) and the equations to the 
given planes 

Ax + By + Gz = D, A'x + Fy + C'z = D' ; 
i'io requii-ei] equation is 

(x-a)(BC'-BV) + &,c. = 0. 

v - i0m -d-^,ww^^ + w + w. 

41. Let r denote the distance between (a, /3, y) and (%, y, s) ; 



(A' + B 1 + C)^^(A' + B' + (r){(x-ay+iy-By + (z- 7 y} 

= {B(z-y)-C(y-{i)}'HC(x~*)-A{z-y))**{A{ y -p)-B{x-a)y 

+ {A{x- a ) + B( 3t -p) + CXz-y)\\ 

The last term is constant if (as, y, a) be in the given plane ; hence 
the least value of r 1 is obtained by making the other three terms 

Vnliisll. 
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44. The exceptional case is when the line of intersection of 
two of the planes is ptM-juiiulioular to the third plane, 

46. The condition is al + hm + cn = ; then the equations may 
be -written 

If am-bn \ , a. If en-bin] . 

-, ■■, x - ,., , -., i = &c : or thus, T < x ^— - > = &o, ; 

or thus, 7 < a; — , > = &a 

47. The equations to the perpendicular are 

g y = a 

me — mi rta — le lb — ma ' 

49. There arc two such straight lines determined by the given 
equation Ix + my + nz = 0, combined with 

50. Let a!, y, a be the co-ordinates of any point in the straight 
line ; let I, m, n be proportional to its direction cosines ; then it 
may be shewn that 

003 a {{^- te)> + [ny - mzf) {(mx- lyf + (mz - ny)'} ' 
from this we may shew that -tan* a = A (mz — ny)* whore J is a 
symmetrical function of x, y, s, and I, m, n. 

»2- 5-8-5 



S3. He re «-^^>,.'-^- C '>. 54. A sphere. 

55. The polar equation to the locus is 

a?b* = (r' + c ! ) (a B sin' 6 + b* cos" S), 

56. The straight line | = ^ = - . 

58, The given equation may he writ ton. thus, r ■ - (P + m a + n'} p* 
where r is the distance of the point (x, y, z) from the origin, and p 'm 
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the perpendicular from t-]-r ]nii:it h\ >,\ z) on tin- \n\',\u: lx+my-\-m=f). 
If I' + m'+n 1 is greater than, unity this locus is a right circular 

cone; the cosine of the semivertical angle is -™ s a . . 

J{l +m +n) 

IfP + m s + n s is equal to unity the locus is a straight line ; see 

Example 12. If I s + m 1 -t- n" is less (lian unity the locus is a point, 

namely the origin. 

59. The locus is a sphere if C be an acute angle, a point if 6* 
be a right angle, and impossible if (■ bo an obtuse angle. 

60. r*. »■-«=£> 

a r — b c {a - b) 

62. The equations to the cones are 

(*-*Y ^tf ^ (y-6)' _.«', g 

63. Let (a, /?, y) he the external point; then the required 
equation is 

a? if a? fxa. i/B zy\ l 

66. Let (a, j8, y) be the given point; then the required 
equation is 

„. (6 ._ c . ) 5 + j. (c ._„. ) 2 +c . K _}. ) i.o. 

67. A right circular cone. 70. Take for the equation to 
the ellipsoid —, + j % + -^=1, and for the equation to the sphere 

(x — hy + y a + z ! = r s ; then the equation to I. lie cylinder -will be 

71. The circle ujrcu inscribed about the opposite face may be 
determined by the equations 

A subeontrary section Li a- circular section. The equation to the 
cone may be written thus 
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hence we see that tho [Anne, ax -<■ by + cs — k = cuts the cone in 
a circle. If the vertex of tin. 1 cone bo at the angular point which 
is at tho other oiid of (J ic dip; c, the ui^Lin-tiori to the cone is 

x 1 + y , = (ax+by)(l-^j; 

and the plane ax + by — cz = is parallel to the subcontrary sec- 
tions. 74. An hyperbolic paraboloid. 

75. The locus is determined by the equation to the ellipsoid 

combined with xyz =■= constant. 

76. Suppose the fixed point in the axi* of -. : then we have to 
a while -5 + ji = a constant. 



85. Circles. 88. Let —^ = L y = ^-? => be the 

equations to a straight line which passes through the point 

(x, y, s) and coincides with the given surface. Substitute the 
values of x\ y\ z' in tho given equation ; we. thus obtain a quad- 
ratic in r which ought to bo -idtiitiicftUij true. This leads to 

£ + 5-i'=o, *i + 7_5.o. 

a" 6 3 c J a 2 o 2 tr 

Eliminate m from these two equations; thus we obtain, a quad- 
ratic in -, and the product of the roots becomes known. The 
result may be written thus 

U, x s -a 1 



ji.enee 1 



Similarly — '—^ = ~ r . 

II, m,m. t + f + tt-4 + lf-ir 



92. The condition is a/m/a + hil+ elm, - 0. 

03. When the given conditions hold, the equation becomes 
(6Vas + c'a'y + a'b'zf + 2a'b'e' (a"x + b"y + c"e) - a'b , e'/= 0; 
this represents a parabolic cylinder. 



,Google 



78 RESULTS OF THE EXAMPLES. 

95. Either V = and c" = {a - o) (b - c), 
orc'=0and&' z = (a-&)(c-&). 
90. An hyperbola. 
97, The semi-axes are the positive values of r found from 

109. If an ellipsoid be cut by a plane through its centre whose 
direction cosines are I, m, n, the area of the section is known to be 

'"' '. ... \,'ow i; v.-c vvV ilu.: iiiiiximimi ;iihL minimum 
J(Pa* + mW + nV) 
values of l s a' + m*b 5 + »V, with the condition that the plane is to 

contain the straight line -=-=-, we obtain this quadratic 



thus the product of the maximum and 



«<&+$+$)■ 



103. If a, ft, y be co-ordinates of the centre of the section it 
will be found that 

i_ JL, r , /, 

The final result is 

(«T + 5 V + <rV - S a ) ■Kabc 
(aH'+bV + cV)i 
See also DiffhrtmUid. C '.dad at. Chapter xvi., where the solution is 
fully worked out. 

104. The first part may be shewn by taking the general equa- 

atf + V + ci? + 2a'yz + 2b'zx + 2c'xy + 2a"x + IV'y + 2c"z +/= ; 
and the cutting planes may be supposed parallel to that of (x, y). 
For the latter part we must find the ratio of similarly situated 
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lines in the two sections, mid the square of tills ratio ■will be the 
ratio of the areas. 105. This ia a mode of expi-essing the 

result of the two preceding Examples. The result may also be 
obtained very easily by referring live ellipsoid to conjugate dia- 
meters, two of which are in a plane parallel to the planes con- 
sidered. 

106. The equation to tho ellipsoid is 

a? I s e 2 a 1 b s e" ' 
where (a, (1, y) is the external point. 

109. Hyperboloid of one sheet. 110. Hyperboloid of 

one sheet. 111. Hyperbolic paraboloid. 

112. Parabolic cylinder. 113. Hyperboloid of two sheets 
if/be positive. 114. .Right circular cylinder if /"be positive. 

115. Hyperboloid of revolution of two sheets if f bo greater 
than 48, cone if /= 48, hyperboloid of revolution of one sheet if/ 
be less than 48. 

116. Hyperboloid of revolution of two shoets. 

117. .-^2, -~, are the co-ordinates. 

118. There is a line of centres, given by the equations 

4 = 0, h-l+l = Q. 

119. — J, 0, are the co-ordinates. 

122. A surface oi revolution, tlio axis of which is x = y = s. 
124. Use the equation in Example 65; the locus is a sphere, 
the radius of which is J[a? + li* + <? + h* + k'). 

133. The sine of the angle is - s — ; - , supposing a, h, c in de- 
scending order of magnitude. 142. See a similar example 
in Geometry of Two Dimensions, Plane Co-ordinate Geometry, 
Art. 286. 144. Refer the ellipsoid to conjugate diameters 
such that the plane containing two of them is parallel to the 
cutting plane. 
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;c must be positive and (h' a - ac) (a" - he) = (a'b' - 



then the second equation is uv - 0, and 11 ic first is (v,+v) (u-v) = 0. 
The line of interweef.loti will be found to In: determined by 



**(*.- *J ^ (*,-»,) Bin (9,-9,) ' 

1G0. The other straight lines are a; = 0, y6-sB = 0; y = 0, 
sc-aM=0; 3 = 0, i»*-j/6 = 0. 

161. The co.sine of the inclination of tins plane to the axis. 
170. Take the equation to an enveloping cylinder 

and apply the tents in order that it may be a surface of revolution. 

182. <j>(x,y,z)=<l>( a + x-a, P + V-& 7 + z-y) 
. . du . „x du . , du 

= . +( ._ a)£+fir _ w _ t( ,. y)3j . 

(»-«)• *» (jf-ff Jt. («-yy «f» 
2 <2a a 2 <*£■ 2 rf/ 

*<»-»(-»)4^ + C- r) (—)$;+(— )4r-«S^- 

The equation to the tangent plane to the surface <£ (a;, y, e) = 
at the point (a:, »/, z) is 

this may be "written 
, , . (du . . dhi , ■ . d*u , n . d*u ) , . 

(rf-.)| z . + (,-.) s?+ (,- T ) 2 - a - + ( y - ffl3 - 3? } + ta.oa 

Sow suppose tliiti piano to pass through the point (a f ft, y), and 
we obtain a relation which by mmns of die (''.[nation <ji (%, y, s) = 0, 
transformed as above, reduces to 
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183. Let a straight line pass through the point (a, ft, y) and 
throtigh the point (x, y, z) on the surface; and let (a:', y, z) be 
any other point on this straight line; then "wo have 



= «-y _ 



y ; therefore 



■«♦*-•), y-P+'W-P). —r+'V-r)- 

Substitute these values of ,-<;, y, a in <£ (j;, »/, s) = ; we thus obtain 
a quadratic in r corresponding to the two points at which the 
straight line through (a, (3, y) and (.:;', y'. s) meets the surface. 
The condition that this quadratic should have equal roots leads 
to the equation to the required cone, x, y\ a' being the variable 
co-ordinates. 

185. a'yz + b'zx + c'xy = 0. 

a —k b —k c — k 
196. The surface is delcniiiiied by the equation 

where A is a known constant, and a== * , {l + A /(y - )+ T" f ■ 






205. Take for the equations to the straight lines those in 
Example 74; let a be the radius of the circle; the required equa- 

(m* - qp)* + »* (Mi - e»* = »V (c* - *)". 

212. (1) is not ;x developable surface; (2) is. 

214. s + V(«" + s*+»')-*(|). 
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215. *»-*"W«*(£). 216. ^/J s ~/.. 

218. {ax + hj + czf^r* {(x + ay + («,+$)'+ (a+c)°}. 

219. Let the equations to the parabolas be 

. >, and . . , >; 
& = 4a& J i/"= 4ct a; J 

the equation to the surface is 4a; — ] -'--, + — -r- \ = 0. 

where 2a = V- + — is the equation to the paraboloid. 

225. (a.' 3 +p ! j/ ! )'=- , where /i and A are known constant!;. 

227. Use conjugate diameters as axes, two of them being 
parallel to the plane of the circles, and the third j 
the centres of the circular sections, 



Z3U. 


y = *os 


eos p. Z<iL. 


a" 


&* ; 


= 2>* ^2 




232. 


x' -a- 


.Vi-- 


?< 


,•-*). 






233. 
>ith 4z* 


Thecu] 

= x 3 + y s 


■ve is determined 


by 


till! <;i v 


en equation 


UU.l'lli.ii'.K'll 


239. 


They ai 


■e proportiomJ to 


(?« 


<?v 


and - 7 ., . 





240. c(a!'y-y'a) + a5(*'~«) = 0. 241. A plane passing 

through the line of intersection of the normal plane at the point 

(x, y, a) and the consecutive normal plane, and perpendicular to 
(h V + £V)f 
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251. The curves of greatest inclination to the plane of 
(x, y) are determined by the given equation combined with 
v? ~y*= constant. 252. The curves are determined by the 

jsivtsii equation combined \vi[.h ;>? — y~- eoristant. 

253. af+3ay = 0, 27acz+x 3 =0. 257. 27a(x + yf=lQ(z-af. 

263. There are- two surfaces determined by the equations 

27a(2/+3-4«)* = 4(;e-3«) 3 , 
and 27<t (y - zf = 4 (x - 7a) 3 . 

The specified evolute is determined by the second equation com- 
bined with 27a {y + z + ia) 1 = 2 (x - af. 

264. a+h = A + B, o' 3 - ah = 0"- AB. 

269. z=Aimi-'^ + B. 270. The surface is that formed 

by the revolution of the catenary y=(e-" + e ') round the axis 

0f(B. 

281. ?/ + ^< + tt !N constant, 

{y + sf(f + »*)} { x + sltf + «")} = constant. 

288. a; o 0, *, — J{afl - A . = I (a - /J) ; supposing a > /?. 

299. The condition is a&c + 2aW - aa!' - 66" - co" = 0. 

302. Aa + Bj3+Cy= 0, is the equation to the plane which is 
parallel to the face of which the area is D, and which passes 
through the opposite vertex. 

305. The equation represents a cone which touches the planes 
represented by m, = 0, u 3 — 0, u a = 0. 

306. The equation represents a eo.no eon wining the lines of 
intersection of the planes u t = 0, w s = 0, u 3 ~ 0. 
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458. Let Y and Z be the coordinates of the vertex ; let 2p 
and 2q he the axes of the section, the former being that which 
lies in the plane of (ys). Then it will be found that 



„ , /Y' Z"\ fY' Z* ,\ 

iv (y+7)(T + y- 1 ) 



From these two equations -wc can rie<Iuei> 

6 3 — c" a* — q' 

fc'-c" a 3 -? 9 
Then substituting the values of F* and -<P in tlic erai.at.ii!:! wliii/h 
they have to satisfy, wo obtain finally 






Thin shews that q s must bo greater than p 3 , and if we put 

J.■.,'(l-• , ) 

we obtain a constant value of — 5 ; so that tlie directrices are i 
planes at a constant ilisiar.ee from tliii.t of (y:). 

460. (a/-x)Gois6-Q/-y)mi0+~(i{-z) = Q, normal plane 

(x' - x) cos $ - {/ - y) sin $ - - (a' - x) = 0, osculating plane 
required condition c = «. 

eAMElilOOL; I'l'.l.MI.li iil" (J. J. l/LAY, M.A. AT 
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